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1. Introduction 

Resolution of singularities has been an area of intense research since the late eighties. Particularly 
in simplification of the theory, but also in the task of implementations. 

In these notes, intended for non-specialist, we present this new approach to the subject. So here 
we prove two important Theorems of algebraic geometry over fields of characteristic zero: 

1) Desingularization (or Resolution of singularities). 

2) Embedded Principalization or Log-Resolution of ideals. 

Both results, stated in Theorems 12.21 and 12.31 are due to Hironaka. We focus here on the proof in 
|15j . which is more elementary than that of Hironaka. In fact, it avoids the use of Hilbert Samuel 
functions, and of normal flatness. 

Theorem 12. 31 of Embedded Principalization, plays a fundamental role in the study of morphisms, 
and particularly on the elimination of base points of linear systems. 

Hironaka's proof of both theorems is existential; he proves that every singular variety, over a field 
of characteristic zero, can be desingularized. Our proof of the theorems is constructive, in the sense 
that we provide an algorithm to achieve such desingularization. We refer to [2] and to ^B] for two 
computer implementations. Bodnar-Schicho's implementation available at 

http : / / www . r isc . uni-linz . ac . at / pro j ect s /basic/ adj oint s/ blowup 
There are several other proofs of these two theorems, which also provide an algorithm: [3], jlUj . 
[E], |25|, and [2B]. 

It is natural to ask why is it interesting to study algorithms of resolution of singularities. Usually 
we simply need to know the formulation of a theorem in order to apply it. But sometimes a proof of 
a theorem can be strong enough to be useful as a tool. This is the purpose of developing algorithms 
to achieve resolution of singularities; a theorem with many applications in algebraic geometry. A 
very natural application arises, for example, when we want to classify singularities by the way that 
they can be desingularized. To this end it is not enough to know that singularities can be resolved, 
it is necessary to have an explicit manner to resolve them. This is an advantage of a constructive 
(or algorithmic) proof over an existential proof. 

These notes are written as an introduction to the subject, and includes the contents of various 
one weeks courses on the subject (see also (22]). Resolution of singularities is based on a peculiar 
form of induction. In the case of resolution of hypersurfaces this form of induction was stated clear 
and explicitly by Abhyankar, in what is called a Tschirnhausen transformation. 

We will focus on this point in Part I, where we discuss examples of this form of induction, with 
some indication on how it provides inductive invariants. These invariants are gathered in our reso- 
lution functions, and we prove the two Main Theorems 12 . 21 and 12 . 31 by extracting natural properties 
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from these functions. In Part II we prove results which were motivated through examples in the first 
Part. In Part III we introduce the resolution functions. A mild technical aspect appears in Part II, 
where the behavior of derivations and monoidal transformations are discussed. But essentially the 
first three parts are intended to provide a conceptual (non-technical) and self-contained introduction 
to desingularization. 

Technical aspects appear in the last Part IV, where we present the algorithm in full detail. This 
will allow the reader to understand also other algorithms, and will hopefully encourage the search 
for new ones. 

These notes follow the notation in j2@] (basic objects, and general basic objects). In that paper 
we prove that the algorithm of desingularization in [25] is equivariant, and that it also desingularizes 
schemes in etale topology. But the algorithm in [25] (and in PHI) provide embedded desingulariza- 
tions which makes use of Hironaka's invariants (of Hilbert-Samuel functions); whereas in these notes 
we discuss an algorithm in which such invariants are avoided. Hence the outcome is, in general, a 
different embedded desingularization. It turns out, however, that both algorithms coincide when 
it comes to the case of embedded desingularization of hypersurfaces. For this reasons we refer to 
the examples in such as the desingularization of the Whitney Umbrella, or for examples that 
illustrate equivariance of the desingularization of embedded hypersurfaces. 

The algorithm in these notes is also equivariant, and also extends to etale topology. However 
we do not study these properties in these introductional notes, and we refer to jS] and ^1] for the 
study of these and of further properties of this proof. Among these further properties discussed in 
those cited papers, there is a new and remarkable formulation of embedded desingularization, with 
a strong algebraic flavor, obtain in ^Uj (see 15.41 in these notes). 

We finally refer to the notes of D. Cutkosky H. Hauser ^H], and K. Matsuki [23], for other 
introductions to desingularization theorems. 

I thank Ana Bravo and Augusto Nobile for suggestions and improvements on the notes. 



The set of regular points, of a reduced scheme of finite type over a field, is a dense open set. 
Definition 2.1. We say that a birational morphism of reduced irreducible schemes 



is a desingularization of X if: 

i) 7T defines an isomorphism over the open set U = Reg(X) of regular points. 

ii) 7r is proper, and X' is regular. 

We will prove the existence of desingularizations, over fields of characteristic zero, by proving a 
theorem of embedded desingularization in Theorem 12.21 There we view an irreducible scheme as a 
closed subscheme in a smooth scheme W. 

Let Wi ^- W 2 be a proper birational morphism of smooth schemes of dimension n. If a closed 
point X2 € W2 maps to x\ E Wi, there is a linear transformation of n-dimensional tangent spaces, 
say T\y 2 ,x 2 ~^ 1w ltX1 . The set of points X2 6 Wi for which Tw 2 ,x 2 ~~ * 1w 1)X1 is not an isomorphism 
defines a hypersurface H in W2, called the jacobian or exceptional hypersurface. It turns out that 
there is an open set U C W\ such that U <— 7r~ 1 (C/) is an isomorphism, and 7r _1 ({7) = W2 — H. 
Examples of proper birational morphisms of this kind are the monoidal transformations, defined by 
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blowing up a closed and smooth subscheme Y in a smooth scheme W\. In such case H = 7r -1 (Y) is 
a smooth hypersurface. Let 

,„,„.. Wo *— (W 1 ,E 1 = {H 1 )) <— (W 2 ,E 2 = {H 1 ,H 2 }) ■■■ <— (W r , E r = {H u H 2 , .., H r }) 

be a composition of monoidal transformations, where each Yj C Wj is closed and smooth, Hj C Wj 
is the exceptional hypersurface of Wj-i <— Wj (the blow up at Yj—i), and where {H\, H2, .., H r } 
denote the strict transforms of the H[s in W r . The composite Wq <— W r is a proper birational 
morphism of smooth schemes, and H = Ui<j< r -ffj is the exceptional hypersurface. 

Theorem 2.2 (Embedded Resolution of Singularities). Given Wq smooth over a field k of 
characteristic zero, and Xq C Wo closed and reduced, there is a sequence 12.1.2)) such that 

(i) U£ =1 i?i have normal crossings in W r . 

(ii) Wo — Sing(Xo) — W r \ U r i=l Hi, and hence it induces a square diagram 

W ^ W r 
u u 

Xo <— — X r 

of proper birational morphisms, where X r denotes the strict transform of Xo . 
(hi) X r is regular and has normal crossings with E r = U[ =1 ilj. 

In particular Reg(X ) = TT~ (Reg(X )) C X r and X X r is a desingularization H2.1|) . 

Theorem 2.3 (Embedded Principalization of ideals). Given I C Ow > a non-zero sheaf of 
ideals, there is a sequence \2.1.ty) such that: 

(i) The morphism Wq <— W r defines an isomorphism over Wo \ V(I). 

(ii) The sheaf IOw r is invertible and supported on a divisor with normal crossings, i.e., 

(2.3.1) C = IO Wr = T(Fx) Cl • . . . • T{H S ) C % 

where E' = {H\, H2, ■ ■ ■ , H s } are regular hypersurfaces with normal crossings, Cj > 1 for 
i = 1, . . . , s, and E' = E r if V(I) has no components of codimension 1. 

Part I 

Throughout these notes W will denote a smooth scheme of hnite type over a field k of characteristic 
zero. We first recall here some definitions used in the formulation of the previous theorems. 

Definition 2.4. Fix y G W, and let {x\, . . . ,Xd} be a regular system of parameters (r.s. of p.) in 
the local regular ring Ow,y 

1) K(c W), defined by I(Y) C Oyy, is regular at y E Y, if there is a r. s. of p. such that 
I(Y) y =<xi,...,x s > in Ow,y 

2) A set {H\, . . . , H r } of hypersurfaces in W has normal crossings at y if there is a r.s. of p. such 
that UHi = V({x h )) locally at y, for some ji 6 {1, . . . r}. 

3) A closed subscheme Y has normal crossings with E at y, if there is a r.s. of p. such that, 
locally at y: 

I(Y) y =< x\,...,x s > and U Hi = V({xj x • Xj 2 ■ ■ ■ Xj B )). 

Y is said to be regular if it is regular at any point; and E = {H%, . . . , H r } is said to have normal 
crossings if the condition holds at any point. 
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Remark 2.5. If 

w W\ d h = 7r" 1 (y), 

Y 

denotes a monoidal transformation with a closed and regular center Y(<Z Wq) , then: 

1) 7r is proper and W\ smooth. 

2) H = ir (Y) is a smooth hypersurface in W\. 

3) Wo - y = Wi - H (i.e. vr is birational). 

Definition 2.6. The order of an non-zero ideal J in a local regular ring (R, M) is the biggest integer 
b > such that J C M b . 

Remark 2.7. Assume that Y in 12.51 is irreducible with generic point y £ W, and let h S W\ be the 
generic point of H. Note that Ow,y is a local regular ring, and that Owih is a discrete valuation 
ring. Let M y denote the maximal ideal of Ow,y 

Set Wo < — Wi and H C W\ as above. Then, for an ideal J C Ow, the following are equivalent: 

a) J y C My (i.e. the order of J at 0\y,y is > b) 

b) JO Wl = I(H) b ■ Ji for some Ji in C m . 

c) JOvKi nas order > b at Oy^ x ^. 

Definition 2.8. Given a sheaf of ideals J C Ox and a morphism of schemes, X <— Y, the sheaf 
of ideals JOy is called the total transform of J in Y. In the previous remark we considered the 
total transform by a monoidal transformation, and we do not assume b to be the order of J at the 
generic point of Y. When such condition holds, then b is the highest integer for which an expression 
JOy/i = 1(H) ■ J\ can be defined; and in such case J\ is called the proper transform of J. 

The following result will be used to ensure that E r has normal crossings in a sequence of monoidal 
transformations (|2.1.2|) . 

Proposition 2.9. Let W be smooth over k, and let E = {Hi, . . . , H s } be a set of smooth hypersur- 
faces with normal crossings. Assume that Y((Z W) is closed, regular, and has normal crossings with 
E = {Hi, . . . , H s }, and set the monoidal transformation 

{W,E = {Hi,...,H s }) A- (Wi,Ei = {H[,...,H' s ,H s+ i = Tr- 1 (Y)}) 
Y 

where H[ denotes the strict transform of Hi . Then E\ has normal crossings in W\ . 

3. Examples: Tschirnhausen and a form of induction on resolution problems. 

A variety, or an ideal, is usually presented by equations in a certain number of variables. A 
key point in resolution problems is to argue by induction on the number of variables involved. In 
order to illustrate the precise meaning of this form of induction we first consider the polynomial 
/ = Z 2 + 2 • X ■ Z + X 2 + X ■ Y 2 G k[Z, X, Y], defining a hypersurface X C A|, where k denotes here 
an algebraically closed field of characteristic zero. We will see that all points in this hypersurface 
are of multiplicity at most two. 
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Question: How to describe the closed set of points of multiplicity 2?, say T2 C X. 
Recall first two definitions: 

Definition 3.1. Set p G X = V((f)) C Spec(k[Z, X, Y]). We say that the hypersurface X has 
multiplicity b at p, or that p is a b-fold point of the hypersurface, if (/) has order b at the local 
regular ring k[Z, X, Y] p (|2.6j) . We will denote by Tb the set of points in X with multiplicity b. 

There are now two ways in which we can address our question. 
Approach 1): Consider the extension of the ideal J = (/), say: 

{ > u ' ax' ay az h 

Clearly V(J(1)) = Ti- In fact, by taking Taylor expansions at any closed point q we conclude that 
q G V(J(1)) if and only if the multiplicity of X at q is at least 2. Note also that X has no closed 
point of multiplicity higher than 2 since is a unit. So the hypersurface X has only closed points 
of multiplicity one and two. 

As for the non-closed points of X, recall first that in a polynomial ring any prime ideal is the 
intersection of all maximal ideals containing it. On the other hand the multiplicity defines an upper- 
semi-continuous function on the hypersurface. So the multiplicity at a non-closed point, say y G X, 
coincides with the multiplicity at closed points in an non-empty open set of the closure y. This 
settles our question. 



3.2. Approach 2) (linked to the previous): Set Z x = Z + X. At k[Z u X,Y] = k[Z,X,Y]: 

(3.2.1) f = Zf+X-Y 2 . 

2i) Note first that Z\ G J(l), and hence T2 C W, where W = V{Z\) is a smooth hypersurface. 
2ii) Set J* = (X ■ Y 2 ) C O w . We claim that F 2 C W is also defined as the set of points q G W 
where the order of J*, at the local regular ring O^y , is at least 2. 

In fact, if q G Spec(/c[Z, X, Y]) is a point (a prime ideal) of order 2, then J(l) C q, so 

Z x G q C k[Z u X,Y]. 

It is clear that among the prime ideals containing Z%, those where Z 2 + X - Y 2 has order 2, are those 
where X-Y 2 has order at least 2. So the claim follows by setting W = V{Z\) and J* = {X-Y 2 } C Oyy 
as before. 

3.3. We will see that the answer to our earlier Question, provided in Approach 2, is better adapted 
to resolution problems, at least over fields of characteristic zero. 

We started by asking for those points where the ideal (/) C k[Z,X,Y] has order at least 2. So 
we fixed an ideal J (J = (/) in this case), and a positive integer b (6 = 2 in this case), and we 
considered the closed set J- 2 of points where this ideal has order 2. We ended up with a new ideal, 
J* = (X -Y 2 ) in the ring of functions in W, where 

W = (Spec(k[X,Y}) =)Spec{k\Z x ,X,Y\j \Z X )) C Spec{k[X,Y, Z]), 

together with an integer b\ = 2, describing the same closed set J-2, but involving one variable less. 

Definition 3.4. Fix a scheme W, smooth over a field of characteristic zero. A couple will be an 
ideal J C Ow and an integer b, and will be denoted by (J, b). 
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The set described by the couple will be the set of points {x G W/v x (J) > b}, where u x (J) denotes 
the order of J at the local regular ring Ow,x- 

3.5. The set described by the couple (J = (Zf+X-Y 2 ), 2) in A 3 , is included in a smooth hypersurface 
W = V(Z\). The dimension of W is of course one less then that of W. This inclusion is called 
the local inductive principal. Note that this closed set is also defined by the couple (J*, 2) (J* = 
(X-Y 2 )cO w ). 

Example 3.6. The fact that J* C is principal just a coincidence of the previous example. Let 
now Y C Ajj be the hypersurface defined by g = Z 3 + X ■ Y 2 ■ Z + X 5 G k[Z, X, Y]. Define 

J(2) = (g, J 9 | / w here si = X,x 2 = Y,^ = Z) 

axj oxiOXj 

so V(J(2)) = F 3 is the set of points of multiplicity at least 3. The pattern of this equation is 

Z 3 + <i2 • Z + as with 02, a 3 in k[X, Y]. 

One can check that Z G J(2), and that Y has at most points of multiplicity 3 since Jsr§ is a unit. 

We can argue as in Approach 2 to show that if q G Spec(/c[Z, X, Y]) is a point (a prime ideal) of 
multiplicity 3, then J(2) C q. So 

Z G q C fc[Z,X,Y], 

and among all prime ideals g containing Z , the polynomial Z 3 + X ■ Y 2 ■ Z + X 5 has order 3 at 
k[Z, X,Y] q if and only if X ■ Y 2 has order at least 2, and X 5 has order at least 3. In fact Z has 
order one at k[Z, X,Y] q , and Z, X, and Y are independent variables. 

Set now W = V(Z), 02 = X • Y 2 , 03 = X 5 (the class of 02 and a 3 in CW), and note that 

F 3 = {x G W/v x (o2) > 2; ^(03") > 3}; 

where ^ x (aj) denotes the order of al at the local regular ring Opp x . 
Set 

(3.6.1) (J*, 6), where J* = ((oj) 3 , (oj) 2 ) C <%r. 

Finally check that F3 C W (local inductive principal (|3.5j0 . and note that we use this fact to 
show that the closed set F3 is also defined by the couple (J*, 6). 

Remark 3.7. Transformations of couples and stability of inductive principal. 

Let Y C A 3 , be the hypersurface defined by g = Z 3 + X ■ Y 2 ■ Z + X 5 G k[Z, X, Y], as in Example 
13.61 The origin G A| is clearly a point of the closed set defined by (J, 3). We now define: 

(3.7.1) A^ < — W l 

as the blowup at 0. Let W\ be the strict transform of W, Yi the strict transform of Y, and H the 
exceptional hypersurface. By restriction of the morphism to the subschemes we obtain 

(3.7.2) W< — Wi, 

which is also the monoidal transformation at the point G W, with exceptional hypersurface 

h = ffnfi. 

Note that there is a well defined factorization of the form 

(3.7.3) JO Wl = 1(H) 3 ■ Ji 
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for an ideal J\ C Gwi , defined in terms of (|3.7.1|) ; and a factorization 
(3.7.4) J*0 Wi = 1(H) 6 ■ J{ 

for Jl C Oyy , defined in terms of (|3.7.2|) . These factorizations hold because is a point of the 
closed set defined by (J, 3), thus of the closed set in W defined by (J*, 6). 

Since is a point of order 3 of J (a point of multiplicity 3 of the hypersurface Y), J\ C Ow± is 
the ideal defining the strict transform Y%. 

Claim: The set of 3-fold points of the hypersurface Yi, or say the closed set of points defined by 
(Ji,3), is included in W\ and coincides with the closed set defined by (J*, 6). 

In other words, we claim that the role played by W and (J* , 6) for the hypersurface Y (the local 
inductive principal (|3.5(0 . is now played by W\ and (J^,Q) for the hypersurface Yi. We call this 
the stability of the local inductive principal. 

To check this claim note first that W can be covered by three charts: 

U x = Spec(k[Z/X,X,Y/X}) = 
U Y = Spec(k[Z/Y,X/Y,Y]) = Ajj 
U z = Spec(k[Z,X/Z,Y/Z]) = A 3 k 

The morphism: A 3 < — Uy = Spec(k[Z/Y, X/Y,Y]) = A|, induced by (|3.7.1j) . is defined by the 
inclusion k[Z, X, Y] -» k[Z/Y, X/Y, Y]. 

At this chart 1(H) = (Y), the factorization in ()3. 7.3(1 is 

g = Z 3 + X ■ Y 2 ■ Z + X 5 = Y 3 ■ ((Z/Yf + (X/Y) ■ Y ■ (Z/Y) + (X/Y) 5 ■ Y 2 ), 

and I(W[nU Y ) = (Z/Y). 

Note that gi = (Z/Yf + (X/Y) ■ Y ■ (Z/Y) + (X/Y) 5 ■ Y 2 G k[Z/Y, X/Y, Y] has the same general 
pattern as g, namely: (Z/Y) 3 + 62 • (Z/Y) + 63, with 62,^3 m k[X/Y,Y]. So the same argument 
applied to g asserts that: 

1) The set of 3-fold points of Yi n Uy is included in V((Z/Y))), or say in 

W l n Uy = Spec(k[Z/Y,X/Y,Y]/(Z/Y)) = Spec(k[X/Y, Y]). 

2) The set of 3-fold points Yi in Uy is the closed set in W\ PI Uy defined by (A, 6), where 

A=((V 2 ) 3 ,(Y 3 ) 2 )ck[X/Y,Y}. 

We are finally ready to address the main property of our form of induction in the number of 
variables, namely the compatibility of induction with transformations. To this end note that 

w < — Wi n u Y 

is defined by k[X, Y] —> k[X/Y,Y], and the transform of the couple (J*, 6) in (|3.6.1|) . defined in 
(|3.7.4|) . is such that 
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A similar argument applies for A 3 < — Ux- To study our claim for A 3 < — W\ it suffices to check 
at the charts Ux, Uy. In fact, Ux U Uy cover all of W\ except for one point (the origin at Uz = A 3 ), 
which is not a point of Yi. So Uz can be ignored for our purpose. 

3.8. Summarizing: Stability of inductive principal. Our previous discussion showed that the 
set of 3-fold points of Y C A 3 (defined by g = Z 3 + X ■ Y 2 ■ Z + X 5 G k[Z, X, Y]) is included in a 
smooth hypersurface W (defined by Z G k[Z, X, y]) (|3.5j) . From this fact we conclude that the set is 
also defined by (J*, 6), where J* is an ideal in the surface W. The property that links W with 3- fold 
points of Y goes beyond this fact. A transformation at a 3-fold point of Y defines a strict transform 
Yi. It also induces a transformation W < — Wi, together with a transformation of (J*, 6), say 
(J*, 6). Wi is the strict transform of W, and the property is that the set of three fold points of 
Yi is included in W\. This is what we call the stability of the inductive principal. Furthermore, 
(J*, 6) defines the closed set of 3-fold points of Yi. In particular, if J* would not have points of 
order 6 (which is not the case in our example), then Yi would not have 3-fold points. Here we have 
analyzed this stability for one quadratic transformation, but it turns out that the same argument 
holds for any sequence of monoidal transformations: Defining a sequence of transformations, say 

f , sn A 3 Wi ... W h , 

where each 7r%+i is a blow-up at a closed and smooth centers included in the 3- fold points of Yj, the 
strict transform of Yj_i, is equivalent to the definition of a sequence of transformations 

( , R9) w ^_ w 1 ... ^- w k . 

[ } (J*, 6) (JJ,6) (J* k ,Q) 

where each J* C Oyy , and (J*, 6) is defined in terms of (J*_ 1 ,Q) as in (|3.7.4|) . Moreover, each Wi 
is a smooth hypersurface in Wi, and the closed set defined by (J*, 6) in the hypersurface Wi is the 
set of 3- fold points of Yj. In particular, if the second sequence is defined with the property that J£ 
has no points of order 6 in W k , then the hypersurface Y& has at most points of multiplicity 2. 

This is induction on the dimension of the ambient space, where the lowering of the highest order 
of an ideal in a smooth scheme of dimension 3 is equivalent to a related problem in a smooth scheme 
of dimension 2. This property of the smooth hypersurface W will be discussed in Section [7J 

3.9. Tschirnhausen. Set / = Z b + a 1 Z b ~ 1 H h a b G k[Z,Xi,..,X n ], with m G k[X u ..,X n ] 

for i = 1, . . . , b. If the characteristic of k is zero set Z\ = Z + \a\. Check that k[Z, X\, . . . , X n ] = 
k[Zi,X\, . . . , X n ], and that / = Z\-Y C2Z\~ 2 + ••• + £%, with q G k[X\, . . . , X n ] and c\ = 0. One can 
argue as in Example 13.61 to show that the 6-fold points of Y are included in the hypersurface W = 
V(Zx)(c A n+1 )(local inductive principle (|3,5|0 . Furthermore, W will have the stability property 
discussed above, where the role of (J*, 6) in Remark 13.71 (in (|3.8,2j0 is now played by (J*, b\), where 

J* = (cf,i = 2,3,...,b)cO w . 

4. Resolution functions and the main resolution theorems. 

Our proofs of the two main theorems 12 . 21 and 12 . 31 will be constructive, as opposed to the original 
existential proofs of Hironaka. We introduce here the notion of resolution algorithm, or resolution 
functions. Constructive resolutions will be defined in terms of these functions, and the main purpose 
in this Section is to show how both proofs follow easily from natural properties of these functions. 
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4.1. In l3.(il we study the transform of a hypersurface in A 3 by a monoidal transformation at a 3-fold 
point. Note that (|3.7.3j) is an example of a proper transform of an ideal, as defined in 12.81 However 
the ideal J* has order 9 at the center of the monoidal transformation, so Jj* in (|3.7.4|) is not a 
proper transform. This shows that our form of induction will lead us to transformations, defined by 
expressions of the form JO Wl = I(H) b • J u even when b is not the highest possible integer in such 
expression. 

We have defined couples as pairs (J, b), where J C Ow is a non-zero sheaf of ideals, and b G N is 
a positive integer. We introduce now two notions related to couples: 
• The closed set attached to (J, b)\ 

Smg(J,b) = {xeW/u x (J x )>b}, 

namely the set of points in W where J has order at least b. This is closed in W (see 16.41 ii)). 

•Transformation of (J,b): 

Let Y C Sing( J, b) be a closed and smooth subscheme, and let 

W Wi DH = tt- 1 (Y) 

Y 

be the monoidal transformation at Y. Since Y C Sing(J, b), the total transform JOwx can be 
expressed as a product: 

JO Wl = I(H) b J 1 {c Wl ) 

for a uniquely defined J\ in Ow±- The new couple (Ji,b) is called the transform of (J, b), and the 
transformation is denoted by 

(411) W ^ Wl 

1 j (J,b) (Ji,b) 

A sequence of transformations will be denoted as 

U io) W W 1 ^ ... W k . 

K ' ' ) (J,b) (Ji,6) (J k ,b) 

Note that in such case 

(4.1.3) jo Wk = /(ifi) ci • i(H 2 y* ■ ■ ■ i(H k y* ■ j k 

for suitable exponents C2, • • • ,c k , and c\ = b. Furthermore, all Cj = b if for any index i < k the 
center is not included in Uj<iHj C Wj (the exceptional locus of W < — Wi). 

Example 4.2. The ideal J =< x 2 — y 5 >C k[x, y] has a unique 2-fold point at the origin (0, 0) £ A 2 . 
Let W = A 2 < — Wi be the blow up at the origin. The strict transform of the curve has a unique 
2-fold point, say q € W\. Set W\ < — by blowing-up g. This defines a sequence, 

(42 1) W ^ ^ W 2 

Here JO W2 = /(i^i) 2 • /(i^ 2 ) 4 ■ h provides an expression of the total transform of J involving J 2 . 
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Remark 4.3. The ideal J\ in the previous example is the proper transform of J, and J 2 is the 
proper transform of J\ fDef I2.8jl . In particular J 2 does not vanish along H\ or H 2 . Recall however 
that this is not a general fact as indicated in 14.11 Set now K = J, and note the same sequence as 
before defines (K, 1); {K x , 1); (K 2 , 1) and KO W2 = /(.Hi) 1 • I{H 2 ) 2 ■ K 2 . 

In this case the ideal K 2 does vanish along the exceptional hypersurface Hi, in fact there is a 
unique and well defined expression, say 

(4.3.1) K 2 = I(H 1 ) a -I(H 2 ) b K 2 

in Ow 2 i so that K 2 does not vanish along the exceptional hypersurfaces. It follows from 14.21 that 
a = 1, b = 2 and K 2 = J 2 . 

Definition 4.4. Fix J C 0\y, W smooth over a field of characteristic zero, and a couple (J,b). A 
sequence of transformations as in (|4,1.2j) is said to be a resolution of (J, b) if: 

i) Sing(J fc ,6) = 0. 

ii) The exceptional locus of W < — namely Ui<i<^flj, is a union of hypersurfaces with normal 
crossings. 

4.5. We define a pair, denoted by (W,E = {Hi, .., H r }), to be a set of smooth hypersurfaces 
Hi, .., H r with normal crossings in a smooth scheme W. 

Let W < — Wi be a monoidal transformation at a closed an d smooth center Y. If Y has normal 
crossings with Ui?j, we say that Y is permissible for the pair (W, E), and that 

(W,E = {Hi,..,H r }) <— {W u Ei = {Hi,..,H r ,H r+ i}) 

is a transformation of pairs (see Prop imi) . 

We define a frasic object to be a pair (W, E = {Hi, .., H r }) together with a couple (J, b), with the 
condition that J x ^ 0(c Ow,x)) at any point x G W. We indicate this basic object by 

(W,(J,b),E). 

If a smooth center Y defines a transformation of the pair (W, E), and in addition Y C Sing( J, b), 
then a transform of the couple (J, b) is defined. In this case we say that 

(W,(J,b),E) <— (^,(^,6),^) 

is a transformation of the basic object. A sequence of transformations 

(4.5.1) (W, (J,b),E) i— (Wi,(Ji,b),Ei) < <— (W a ,(J a ,6),£7 a ) 

is a resolution of the basic object if Sing( J s , 6) = 0. 
In such case 

(4.5.2) J ■ Ow s = I(H r+ ir ■ I(H r+ 2) C2 ■ ■ ■ I(H r+s ) Cs ■ J s 

for some integer q, where J s is a sheaf of ideals of order at most 6—1, and the Hj have normal 
crossings. 

Definition 4.6. Let X be a topological space, and (T, >) a totally ordered set. A function g : X — > T 
is said to be upper semi- continuous if: i) g takes only finitely many values, and, ii) for any a S T 
the set 

{i£l /g(x) > a} 

is closed in X. 
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Then largest value achieved by g will be denoted by 

max g. 

Clearly the set 

Max q = {x G X : g(x) = max g} 

is a closed subset of X. 

4.7. Resolution functions. We now show why constructive resolutions of basic objects will lead 
us to simple proofs of both Main Theorems 12.21 and 12,31 

In 13.21 we defined an upper semi-continuous function, say /13 : Spec(k[Zi,X,Y] — > Z, defined by 
taking order of the ideal J =< Z 2 + X ■ Y 2 >. It was shown that max/13 = 2, and that Max ha(= 
T<i) C W, where W = V(Z\) is a smooth hypersurface isomorphic to Spec(k[X,Y]). Furthermore, 
an ideal J* = (X ■ Y 2 ) C Oyy was attached to Max h% . We may take now h% : Spec(k[X, Y]) — > Z, 
defined by taking order of the ideal J*, so that Max hi is included in a smooth hypersurface; and 
ultimately define a function h\ with values at Z. 

In this frame of mind it is conceivable to assign a copy of Z for each dimension, namely Z x Z x Z, 
with lexicographic order, and a function, say h = (/i3,/i2 5 ^i) with values at this ordered set, so 
that h is upper semi-continuous. This is not exactly the way we will proceed, but we will define a 
totally ordered set for each dimension, and then take the product of copies of this set, one for each 
dimension. 

We will fix an integer d, and define a totally ordered set (I d , >). Moreover, for any basic object 

B:(W,(J,b),E), 

dimension of W = d, an upper semi-continuous function fg : Sing (J, b) — ► I d will be defined with 
the property that Max fs is a smooth subscheme of Sing(J, 6), and a permissible center for the pair 
(W,E). Thus, a transformation of the basic object can be defined with center Max fn. 

In this way a unique sequence Q4.5.1|) is defined inductively, by setting centers Max fg. . In 
addition, this sequence defined by the functions will be a resolution of the basic object. In fact, for 
some index s (depending on B) Sing(J s , b) = 0. 

In other words, the set (I d , >) will be fixed, and the functions on this set defined so as to provide 
a resolution for any basic object of dimension d. We now state the properties that will hold for such 
sequence: 

Properties: 

PI) For each /, Max/; is closed regular and has normal crossings with Uh^EiHi. 
P2) For some index ko, depending on the basic object B, Sing(Jfc , b) = 0. 

If p G Sing(Jfc, b), and p £ Max fk, then p can be identified with a point in Wk+i- Furthermore, 
p G Sing(J k +i,b), and: 
P3) f k {p) = f k+ i(p). 

Of particular interest will be the case of basic objects with 6=1. In such case Sing (Jo, 1) is the 
underlying topological space of V{ Jo) (the subscheme defined by the sheaf of ideals Jo). 

P4) There is fixed value R G I d , and whenever p G Sing(Jo, 1) is a point where the subscheme 
defined by Jq is smooth, then fo(p) = R (where /o : Sing(Jo, 1) — * I d ). 
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The definition of (I d ,>), and of the functions /, will be discussed in Part III, and studied 
exhaustively in Part IV. We now prove our two Main Theorems 12 . 21 and 12 . 31 using the the properties 
of resolution functions. 

4.8. Proof of Theorem 12.31 Fix / C Ow as in Theorem 12.31 and consider the basic object 
(4.8.1) (W, (J, 1),E = <!>), 

with J = I, and the resolution defined by the resolution functions. Property P2) asserts that 
Sing(Jfc , 1) = for some index &q. It follows that J ko = Ow k() i namely that 

jo Wko = i(H 1 r-i(H 2 r---i(H ko y^. 

It is easy to check now that the conditions of the Theorem are fulfilled for W <— W ko ■ 

4.9. Proof of Theorem 12.21 Let J C Ow be the sheaf of ideals defining X C Wq in Theorem 12 .21 
and consider, as above, the resolution of the basic object (|4.8.1f) defined by the resolution functions. 
So again J ko = WkQ , and hence JO WkQ = I(ifi) Cl • I{H 2 f* ■ ■ ■ I(H ko ) c «o . 

Let V = Wq — Sing(X) be the complement of the singular locus of X. Note that V is an open 
set, dense in Wo, and fo(p) = R for any p £ V n Sing( J, 1). Here X = Sing( J, 1), and V D Sing(J, 1) 
is dense in Sing(J, 1) since X is reduced. Furthermore, fo(p) = R for any p G V n Sing(J, 1) (P4)). 
So max /o > R. 

If max/o = R, then Sing(J, 1) = Max fn and X is smooth in Wo (PI)). 

If max/o > R, then V can be identified with an open set, say V±, in W\, and fi(p) = R for any 

pe FinSin g (Ji,i) (P3)). 

If max fx = R, then the strict transform of X is a union of components of Max fx , so the strict 
transform defines an embedded desingularization (PI)). 

If max fx > R then V can be identified with an open subset V 2 in W 2 - 

Note that that there must be an index k, for some k < ko, so that maxf k = R. In fact this 
follows from P4), P2), and the fact that Sing(Jfc ,l) = 0. Note that V can be identified with an 
open set, V k C W k , and that the strict transform of X in W k fulfills the conditions of the Theorem. 

5. On the notion of strict transforms of ideals. 

5.1. The notion of strict transform of embedded schemes appears in the very formulation of our 
Main Theorem 12 .21 A subscheme of a given schemes is defined by a sheaf of ideals. Given a blow-up 
at the scheme, there is a notion of strict transform of ideals, corresponding to the notion of strict 
transform of embedded schemes. 

A novel aspect of the proof of Theorem 12.21 given in 14.91 as compared to the proof of Hironaka 
and from previous constructive proofs (0, US])) is that we do not consider, within this algorithmic 
procedure, the notion of strict transform of ideals. In fact, let J C Oy/ be the sheaf of ideals defining 
X C Wq, and let 

(Wo,(J,l),E ) ^ (Wx,(Ji,l),Ex) 
be a transformation with center Y C Sing(J, 1). We show here that, in general, Ji is not the sheaf 
of ideals defining the strict transform of X in Wx (i.e. is not the strict transform of J). Let H C Wx 
denote the exceptional locus of 

W <- Wx 
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so that W — Y = Wi — H. The strict transform of X is the smallest subscheme of W± containing 
X — Y, via the identification W\ — H = W — Y . In other words, it is the closure of X — Y in W\ 
by this identification. 

Such smallest subscheme is defined by the biggest sheaf of ideals, say J\ C Owi , which coincide 
with J when restricted to W\ — H. We claim that the biggest sheaf ideal that fulfills this condition 
is that defined by the increasing union of colon ideals: 

Jx = U k (JO Wl : I{H) k ). 

To check this, set U = Spec(A), an open affine set of W\, so that the hypersurface HC\U is defined 
by an element a £ A. Let K denote the ideal defined by restriction of J\ to U. The localization 
K ■ A a is also a restriction of the sheaf of ideals J to U a = Spec(^4 a ). 

Note that K ■ A a n A is the biggest ideal in A defining K ■ A a at U a = Spec(A a ). On the other 
hand K ■ A a fl A = Uk(K : a k ). Since this holds for an affine covering of W\, it turns out that J\ is 
the biggest sheaf of ideals with the previous condition. 

The ideal K (the restriction of J\ to U), is a finite intersection of p-primary ideals, called the 
p-primary components. The ideal K ■ A a n A is obtained from K by neglecting, in the previous 
intersection, those p-primary components corresponding to prime ideals containing the element 
a £ A (i.e. with closure of p included in the exceptional hypersurface H). 

It is not hard to check that 

Ji C Ji, 

in fact J\ = (JO\Vi '■ 1(H) 1 ) according to the definition of transformation of basic objects. 

If W\ arises from blowing up W = A\ at the origin, and J =< Z, X 2 — Y 3 >C k[X,Y, Z], then 
V(Ji) fl H is a line, whereas V(J\) (the strict transform of the curve), intersects H at a unique 
point. So Ji ^ Ji in this case. 

5.2. Resolution of singularities is defined by a proper birational morphism, defined in a step by step 
procedure, each step consisting of a suitably defined monoidal transformation. So given equations 
defining the ideal J, and a monoidal transformation as above, Hironaka provides equations defining 
the strict transform ideal J\. This turns out being, in general, a very difficult task. In fact a major 
part of the proof of Hironaka is devoted to address this particular point; he introduces the notions 
of Hilbert-Samuel functions and of normal flatness with this purpose. An important conceptual 
simplification of constructive desingularization, presented in 14.91 relies on the fact that it provides a 
proof avoiding all these notions. In fact, we prove resolution by means of elementary transformations 
(defining Ji), avoiding the use of the strict transform ideal J\. 

Example 5.3. The following example illustrates a situation in which both notions of transforma- 
tions discussed in 15. II coincide (i.e. where J\ = J\). 

Let X C W be a closed and smooth subscheme of W. Set J = I(X), and note that Sing( J, 1) = X, 
and that the order of J at Ow,x is one at any x £ X. 

Let W < — W\ be the monoidal transformation with center Y which defines a transformation, 
say: (J, 1) ; (Ji, 1). In other words, assume that Y C Sing(J, 1) (so that JOy/x = Ji • 1(H), where 
H C W\ denotes the exceptional locus). We claim now the following holds: 

(1) Sing(Ji, 1) (= V(J\)) is the strict transform of X. 

(2) The subscheme X\ C W\, defined by J\, is smooth. 
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Note that (2) follows from (1). In fact the induced morphism X <— X\ is the blowup of 
X at Y, and the blowup of a smooth scheme in a smooth subscheme is smooth. To prove 1) 
note that at any point x € W, there is a regular system of parameters {xi, . . . , x n } such that 
Jx = (xi, ■ ■ ■ ,x r ) and I(Y) X = (x±, . . . ,x s ) for r < s. The fiber over x G W can be covered by 
Spec(Ow[x\ / x. L , X2, ■ ■ ■ , x s /xi, x s+ i, . . . , x n ] for i = 1, 2, . . . , s. Finally (1) can be checked directly 
at the charts corresponding to indices r + 1 < i < s. 

5.4. There is a stronger formulation of embedded desingularization than that in 12.21 which was 
proved in [TUjj. That theorem proves that given Wq smooth over a field k of characteristic zero, and 
Xq C Wo closed and reduced, there is a sequence of monoidal transformations, say 

W «— {W 1 ,E 1 = {H 1 }) <— (W 2 ,E 2 = {H 1 ,H 2 }) ••• <— (W r , E T = {H u H 2 , .., H r }), 
Y Y 1 Y 2 

such that, in addition to the three conditions i), ii), and iii) in 12.21 it also holds that: 
iv) I(Xo)0 Wr = I{H X )^ ■ I{H 2 ) C * ■ ■ ■ I(H r fr . I(X r ) 
where X r denotes the strict transform of X. 

Consider the particular case in which X is an irreducible subscheme in Wq = Spec(fe[Xi, • • • , X n \) 
defined by a prime ideal P of height h. In this case the theorem says that at any point x £ W r there 
is a regular system of parameters {Z\, ■ ■ ■ Z n } at Ow r ,x, such that: 

i) P • Ow r ,x =< Z\, ■ ■ ■ ,Zh > -Z^ ■ Z a £ ■ ■ ■ Zj° if x is a point of the strict transform X r , and 

ii) P ■ Ow r ,x =< Z a ^ ■ Z°£ ■ ■ ■ Z^ > (is an ideal spanned by a monomial in these coordinates) if 
x is not in X r . 

This result does not hold, in general, for desingularizations which make use of invariants such as 
Hilbert Samuel functions ( which we avoid in our proof). This algebraic formulation of embedded 
desingularization is not a consequence of the theorem of desingularization as proved by Hironaka. 

Part II 

In 13.81 we discussed a strong link between the set of 3- fold points of the hypersurface Y C A 3 , 
defined by g = Z 3 + X ■ Y 2 ■ Z + X 5 £ k[Z, X,Y], and the smooth hypersurface W defined by 
Z € k[Z, X, Y]. The link showed that the reduction of 3-fold points of Y, by means of monoidal 
transformations, was equivalent to a related problem for a suitable ideal in the smooth subscheme 
W (see also EH) . 

This is the key for induction in resolution Theorems. In this second Part we justify the discussion 
in 13.81 (see Example I7.15|) , and generalize this main property in Section 7 . In section 6 we study an 
important preliminary: the behavior of derivations with monoidal transformations. 

6. Derivations and monoidal transformations on smooth schemes. 

In this Section we study behavior of derivations when applying monoidal transformations. This 
will be used in the next Section [7[ where the inductive properties discussed in 13.81 will be clarified. 

Fix W smooth over a field k, and y G W a closed point. Let {x±, . . . , x n } be a regular system of 
parameters at Ow,y 

We define an operator on ideals in Ow,y by setting, for J y =< fi, f 2 , . . . , f s > in Ow,y- 

d f- 

A y (J y ) =< fi,f 2 ,...,fs, ^ /I < % < n; 1 < j < s > . 
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Note that Ay{A y (J y )) =< h, f 2 ,...,f s , j^Ttr A < i < n ; 1 < 3 < s >• The whole point 

of restriction to fields of characteristic zero relies on the following property: 

6.1. Characteristic zero. If A; is a field of characteristic zero and (b > 1), then J y has order b at 
Ow,y iff Ay(Jy) has order 6—1. 

Example 6.2. Let O w , y = k[xi, x 2 , x 3 ] <XuX2tX3> . 

Jy =< X\+Xt + X\ >C Ay(jy) =< x\ , X^ x\ > C Ay(jy) =< X^x\,x\ > C A y {J y) = W> y 

Note that, if k is of characteristic zero, the orders of these ideals drop by one : 3,2,1,0. 

6.3. Further properties of the operator A y are: 

i) Jy C Ay(jy) C Ay(Ay(jy)) = A y (Jy) C A y (jy) C . . . 

ii) C CV,y has order 6(> 1) iff A^ _1 (J y ) has order 1. 

iii) The order of J y C O w , y is > s iff A y " x (J y ) is a proper ideal in Oy/^ y . 

6.4. On the A operator. The locally defined operators A y can be globalized in the following 
sense. Fix W smooth over a field k, there is an operator A on the class of all 0yi/-ideals } such that: 

jc A(J)(c Ow), 

and at any closed point y G W: 

Furthermore, the following properties hold: 

i) JC A(J) C A 2 (J) C . . . ( hence V(J) ^ V{A(J)) D V(A 2 (J)) D ... 

ii) F(A S ~ 1 (J)) = Sing(J, s). In fact F(A S_1 (J)) is the closed set of points in W where J has 
order > s (i.e. (A* _1 (J)) tf = A* -1 ( J„) C iff the order of J y O w , y is > a). 

iii) If 6 is the biggest order of J, T/(A 6 (J)) = and V{A b ~ 1 (J)) is locally included in a smooth 
hypersurface. 

Proof of iii) If b is the biggest order of J, A 6 (J) = Oyy and A fe_1 (J) has order at most 1. So if 
y 6 F(A 6-1 (J)), A b ^ 1 (J)Ow, y has order 1 at O w>y . Ug€ A^^J) has order 1 at WtV , then: 

PF = F(<y>) DV(A b ~\j)), 

and is a smooth hypersurface in a neighborhood of y. 

Example 6.5. Set W = A\ = Spec(k[X,Y, Z]), F = Z 3 + XY 2 Z + X 5 , and J =< F >, as inl3~31 
Then: 

A(J) =< 3Z 2 + Xy 2 ,y 2 Z + 5X 4 ,2XyZ,F >C A 2 (J) =< Z,XY,Y 2 ,X 3 >C A 3 (J) = k[X,Y,Z}. 

So, as indicated in 13.81 the 3-fold points of the hypersurface Y C A 3 defined by V(< J >) are 
included in smooth hypersurface W = V(< Z >). 

6.6. We now address the compatibility of A operators with monoidal transformations. So fix a 
couple (J, 6), and consider a transformation 

(6 - 6 - 1} (J,b) (Jub). 
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Lemma 6.7. Given (J,b) (J C Ow ) and a transformation \b\6. then: 

1) If b > 2, \6. 6.1)) induces a transformation of (A(J), b — 1): 

W ^- Wi 

(A(J),6-1) ((A(J)) l5 6-l). 

2) (A(J))i C A(Jt). 

Proof: Let Y C W be the center of the monoidal transformation, and let H C W\ be the 
exceptional locus. By assumption Y C Sing(J, b), so J ■ Ow\ = I(H) b • J\- It follows from I6,4l ii) 
that for general b, Sing( J, b) C Sing(A( J), b — 1). In particular Y C Sing(A( J), b — 1), which proves 

!)• 

In order to prove 2) we first note that if U C W is open, a sheaf of ideals in W induces a sheaf 
of ideals in U, and the A operators (on W and on U) are compatible with restrictions. On the 
other hand note that the pull-back of U in W\, say U±, is an open set, and the induced morphism 
U < — U\ fulfills the conditions in 1) for the restriction of J to U. 

If we can prove that 2) holds over U (at U < — Ui), for all U in an open covering of W, then it 
is clear that 2) holds. Therefore we may argue locally. 

Let £ G W be a closed point and choose a regular system of parameters {x\ , . . . x n } C 0\y,£ 
so that the center of the monoidal transformation is locally defined by (xi, . . . ,x s ). Now consider 
an affine neighborhood U of £ such that global sections of Ojj, and such that J is 

generated by global sections, say fx,... , f r . We may also assume that • • • , are global 

derivations, and that A(J) is generated by the global sections {fkYk=x U fe=1 r - 

j'=l,...,n 

By the previous discussion we may assume that U = W. The scheme Wx is defined by patching 
the affine rings 

A4 = O w [xx/xi, . . .,x s /xi], i G {1, . . . ,s}, 

and 1(H) = (x^ at Aj. For each index k G {1, ••• , r } there is a factorization = x\gj- k \ and 

{9i" l \ 9i~ 2 \ ■ ■ ■ j 5i^ r ^} generate the restriction of Ji to Spec(Aj), say j[ l '. In order to prove 2) we 
must show that, for each index k €{!,... ,r}: 



G A(J| V ), and 
f— 1 

b)^r e A(J®). 

The assertion in a) is clear since -^j- = x%gf € j} C A(j}^). We now address b). In what 
follows we fix an index k G {1, . . . , r} and set f = fk- We also fix an index j £ {1, . . . , n} and set 



'' which is a global derivation on U. 



dx 

Note that 



.7 i 



•Aji} / iL") iLi f JUf 



and that 

• ^ISpecCA,) =Xi-5:Ai^A 
and hence 1(H) ■ 5 is an invertible sheaf of derivations on Wx ■ 



i ■ 
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Now in Ai consider the factorization / = x\gi, so gi G j} C A+, and Xj • <5 is a derivation on Aj. 
Finally check that 

44 = ^^4^ = ^* + = b ■ s( Xi ) ■ 9l + ( Xi 5)( 9i ). 

X X X* X 

This already proves b) since the right hand side is in 

Our argument also shows that this equality is stable by any sequence of transformations (see l6.9|) . 

Remark 6.8. Fix K C J two ideals in Ow, and couples (J, b) and (K,b). Then clearly: 

a) Sing(J,6) C Smg(K,b). 

b) Any transformation, as in (|6.6.1|h of (J,b), induces the transformation 

W ^- W x 
(K,b) (Kub) 

and K\ <Z J\. 

6.9. We finally extend the previous result to study the behavior of A operators with an arbitrary 
sequence of transformations. 

Corollary 6.10. Fix a couple (J,b) (J C Ow ) and a sequence of transformations 
(6101) W ^ Wl ^ ... ^ W r 

1) If b > 2, then i6.1U.l\) induces a sequence of transformations 

W ^ Wi ... «*L W r , 

(A(J), b - 1) ((A(J)) X , b - 1) ((A(J)) P , b - 1), 

and 

2) (A(J)) r c A(J r ). 

Proof. The case when r = 1 is in 16.71 Consider now the case r = 2, namely 

W Wi W 3 

(J,b) (Ji,b) (J 2 ,b). 

Then IB~7I asserts that tt\ defines a transform of (A( J), b—1), say ((A( J))i, b— 1), and that (A( J))i C 
A( Ji). The same result says that TT2 defines a transform of (A(Ji), b — 1), say ((A(Ji))i, 6—1), and 
that (A(Ji))i C A(J2). The statement follows in this case from 16.81 

The general case r > 2 follows similarly, by induction. (3 

Corollary 6.11. Fix a couple (J,b) (J C Ow) and, as before, a sequence of transformations 
i6.1U.l\) . Assume that b > 2. Then, for each index 1 < j < b — 1: 

1) The sequence \6.1U.1\) induces a sequence of transformations ((AW(J)), b — 1 — (j — 1)), say 

W 2- Wl ... ^- Wr 

(AO) ( J), b - 1 - (j - 1)) ((AW) (J))i, 6 - 1 - (j - 1)) ((AO) (J)) r ,b - 1 - {j - 1)) 

and 
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ij(A«(J)) r cAW(J r ). 

Proof. Note that for j = 1, = A and we obtain the previous corollary. So we prove now 
the statement for j assuming that it holds j — l- Set J* = A^ _1 ^(J) and b* — b — 1 — (j — 2). 
By induction: 

i) The sequence of transformations (joMO.lj) induces transformations of (J* , b*), say: 

w ^ w 1 <2- ... ^- w r , 
(j*,b*) (jf,b*) (j;,6*) 

and 

ii) J* C A^- l \j r ). 

Applying our previous Corollary 16. 101 to i), we get: 

i') The sequence in i) induces transformations of (A(J*), b* — 1): 

(A(J*),6* - 1) ((A(J*)) l5 6* - 1) ((A(J*)) r , b* - 1) 

and 

h') (A(J*)) r c A(j;). 

Here A(J*) = A^(J) and i') is statement 1). On the other hand, applying A to ii) we get 

A(J r *) c AW(j r ), 

which together with ii') proves 2). 

O 

In the next Section we shall apply Corollary 16. 1H basically in the case j = b — 1. The reader 
might want to look into Example 17. 151 to get have an overview of this application of the Corollary. 

7. Simple couples and a form of induction on resolution problems. 

7.1. The purpose of this Section is the study of simple couples (J,b) (J C Gw)- Examples of 
simple couples appear already in Section |21 They will play a central role in our inductive arguments 
(induction on the dimension of the ambient space). The main results of this Section are Theorem 
17.51 and Proposition 17. 13l where the notion of stability of induction discussed in 13.81 is formalized. 

7.2. Fix J C Gw, assume that J x ^ 0(c Gw,x) for any x G W, and define a function 

(7.2.1) ordj : W -> N, 

where ordj(x) denotes the order of J x in the local ring Ow,x- 

Note that ordj is upper-semi-continuous (|4.6|) . In fact, for any positive integer s: 

{x e W/ordj(x) >s} = V(A a-1 (J)) (see EH). 
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Remark 7.3. The following conditions are equivalent: 

1) max— or d j = b (where, as in 14.61 max— ordj denotes the maximum value achieved). 

2) V(A b ~ 1 (J)) + and V(A b {J)) = 0. 

3) max —ord/±b-irj\ = 1. 

The equivalence follows from the properties of the A operator discussed in 16.41 
Definition 7.4. We say that (J, b) is a simple couple if the previous conditions hold for J and b. 

The following theorem is a central result in this section. 

Theorem 7.5. If (J,b) (J C Ow ) is a simple couple, and 

W Wi 
(J,b) (Ji,b) 

is a transformation, then either Sing(Ji,6) = or (J±,b) is a simple couple. 

The case 6=1 will be proved in Proposition 17.81 and the case b > 2 in Proposition 17.91 
We shall first draw attention to the case of simple couples of the form (J, 1). 

Remark 7.6. The following conditions are equivalent: 

1) max— ordj = 1. 

2) V(J)) / and V(A(J)) = 0. 

3) There is an open covering {U\}\ e A of W, and for each A a smooth hypersurface W\ in U\ 
such that I(W\) C J\, where J\ denotes the restriction of J to U\. 

For the proof of 3) , note that an ideal of order one in a local regular ring Ow,x contains an element 
of order one; and that element defines a smooth hypersurface in some open neighborhood of x € W . 



Remark 7.7. Fix, as before, an open covering of W, say {U\}\ e \, and a monoidal transformation 

with center Y C W, say W < — W\. For each index A set C W\ as the pull-back of U\. In this 
way we get 

u x ~- up 

which is either a monoidal transformation (in case Y n U\ ^ 0) , or the identity map (if Y DU\ = 0) . 
Note also that {U^}\^\ is an open cover of W\. 

Proposition 7.8. Fix J C Ow with maximum order 1, and a sequence of transformations 
(7RU W Wi ^ ... ^- W r 

{ ] (■/,!) (Jl,l) (JrA) 

then the maximum order of J r is either 1 or (i.e. J r = Ow r in* the last case). 

Proof. Define an open covering {C/a}agA of W, and inclusions 

(7.8.2) I(W X ) C J A , 

where W\ is a smooth hypersurface in U\, as indicated in Remark 17.61 3). 

The sequence (|7. 8.1|l defines, for each index A, a sequence of transformations: 

jj 4 in_ jjW jj( r ) 
(J\A) ((JA)l, 1) ((Jx)rA), 
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and also 

U\ ^— U x ^ 

(I(W X ), 1) 1) ((I(W X ))r, 1). 

Furthermore 

(I(W X ))r C (J X )r 

by Remark 16.81 Let C denote the strict transform of W\. Since W\ is smooth in U\, 

Example 15 , 31 asserts that is smooth, and defined by the ideal {I(W x )) r . In particular (I(W x )) r 
has maximum order at most one, and hence the same holds for (J x ) r - Since the open sets (U x )^ 
cover W r it follows that J r has order at most 1. (3 

Proposition 7.9. Fix J C Ow with maximum order b > 2, and consider a sequence of transfor- 
mations 

r?qn W ^_ Wl ... <ZEL. Wr 

1 j (J, 6) (Ji,6) (J r ,6). 

T/ien then the maximum order of J r (c Oy/ r ) is at most b. 

Proof. From 16.41 we conclude that the maximum order of A fo - 1 (J)(c O w ) is 1. Corollary EHU 
applied for j = b — 1 says that ()7.9.1|) defines the sequence of transformations 



W W X ^ ... P- W r 

(A 6_1 (J),1) ((A^(J))i,l) ((A^(J))„1), 



and that (A b ~ l (J)) r C A {,_1 (J r ). On the other hand Proposition 17.81 asserts that (A(J)) r has order 
at most 1, and hence A b ~ 1 (J r ) has order at most one. From this and 16.41 we conclude that J r has 
order at most b. O 

Remark 7.10. There is a stronger outcome that follows from the proof of Proposition 17.91 that 
relates to induction in the dimension of the ambient space. Note that J has highest order b, so 
A b_1 (J) has highest order one. We can argue as in the proof of Proposition 17.81 and define an open 
cover {U\}xcA of W, and for each index A, a smooth hypersurface W\ C U\, defined by 

(7.10.1) I{W X ) C (A 6 - 1 (J)) A . 

Now use the compatibility of the A operator with restriction to open sets and check that 
(A {, - 1 (J)) A = (A 6_1 (J A )). Note also that Sing(J,6) n U x C W x . Recall that (FTPl) defines, for 
each index A, a sequence of transformations of ((A b ~ 1 (J))\, 1), say: 

((A b -\J)) X , 1) (((A 6 - 1 (J))a)i, 1) (((A b -\j)) x ) r , 1), 

and also 

u x U x ^ 

(l(Wx), 1) mWx))l, 1) ((^))r, !)• 

Furthermore, (I(W x )) r C ({A b ~ 1 {J)) x ) r , and (I(W x )) r defines a smooth hypersurface W x C 
which is the strict transform of W x . We finally note that {U^} x ^\ is a cover of W (r \ and 
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taking restriction of the inclusion (A fc_1 (J)) r C A 6_1 (J r ), we get that: 

((A b ~V))A) r = ((A fe - 1 (J)) r ) A c (A 6_1 (J r ))A, 
and hence (I(W\)) r C (A b ~ 1 (J r ))\. In particular 

(Sing((J) r , b) n =) Sing((J A ) r , 6) C ■ 

Lemma 7.11. Fix J C Ow with maximum order b. There is an open covering, say {C/a}agA °fW, 
and for each index A a smooth hyper surf ace W\ C U\, such that the following properties hold: 

PI) Sing(J A ,6) C W x . 

P2) For any sequence 

W «2- W x W, 



r 



(7 ' 1L1) (J, b) (Jl,6) (J r ,b) 



and setting by restriction, for each X, say: 
(7.11.2) 



U\ ^ ... ^ u { ;\ 



(Jx,b) ((J\)l,b) ((Jx)r,b) 

then {U^}\ & a is an open covering ofW r , and 

(7.11.3) Sing(J r , b) n = Sing((J A ) r , b) C W[ r) , 

where W x is the smooth hypersurface defined by the strict transform of W\ . 

Proof. The case b = 1 (in which Sing( J, 1) = V{J)) is in the proof of Proposition 17.81 The case 
b > 2 is in Remark 17. 1UI and relies entirely on the inclusion 1)7.10.11) . 

O 

7.12. Let PF A } denote the strict transform of W[ 0) in (see H7.ll.2j0 . A consequence of (17.11.31) 

is that all the centers of monoidal transformations involved in Ij7.11.2)) are included in W\ ; hence 
(j7.11.2j) defines a sequence of monoidal transformations 

(7.12.1) w x ^wf < ^W{ r) . 



Proposition 7.13. Fix J C Ow with maximum order b. There is an open covering, say {U\}\ e \ 
ofW, and for each index A a closed and smooth hypersurface W\ C U\, and a couple (K{ , b\) with 
C Oyy , such that, in addition to PI) and P2) \7.11\) , the following property holds: 

P3) The sequence \7.12.1\j defined by \7. 11. l\j as above, induces a sequence of transformations 
(7.13.1) 



W\ ^ w{ 1] ... w[ r) 



(K x ,bl) ((K^bl) ((K x ) r ,b\) 

and 

(7.13.2) Sing((J A ) r , b) = Sing((X A ) r , 6!)(c w[ r) ). 
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Remark 7.14. On the converse. Set W = U\ so that (J, b) = (J\,b). The equality in (j7.lH.2jl 
asserts, by induction on r, that any sequence 17.13.11 induces a sequence (j7.ll.lj) . And furthermore, 
if 17.13. H is a resolution, so is (j7.ll.ljl . 

We are interested mainly in this converse, since we will argue by increasing induction on the 
dimension of the ambient space. If we accept, by induction, that there is a resolution 17. 13. ll for each 
index A, then we will have defined a resolution (j7.11.2j) for each A. We will define these resolutions 
so that they patch to a resolution (j7.ll.lj) . 

Full details of the proof of Proposition l7.13l will be given in Part IV, however the following example 
illustrates the basic idea of the proof. 

Example 7.15. In Example 16 . 5 1 we considered the case W = Af. = Spec(k[X, Y, Z]), and 

J=< Z 3 + XY 2 Z + X 5 >, 

an ideal of maximum order 6 = 3. In such example we noted that Z G A 2 ( J) =< Z, XY, Y 2 , X 3 >, 
and we considered the smooth hypersurface W = V(< Z >). This is a particular example of Lemma 
17.111 where there is no need to consider the open covering {U\}\£A of W. In fact here the Lemma 
applies globally in W. In this example b\ = 6, and Proposition 17. 131 applies by setting K = J* as in 

(ES3J. 

w 

A similar situations holds, more generally, in 13.91 for K = J* = {c? ,i = 2, 3, . . . , b). 

Remark 7.16. The compatibility of the A operator with open restrictions has played an important 
role in the proofs in this section. If the transformation in Theorem [73] is defined with center Y C W, 
and if H C W\ denotes the exceptional locus, then JCVi = I{H) b ■ Ji, and J\ has at most order 
b. Suppose now that the highest order of J along points in W is bigger than b, but that we simply 
know that the order of J is constant and equal to b along any point of the center Y. Since the 
order of J along points in W defines an upper-semi-continuous function on W, then there is an open 
neighborhood, say U C W of Y, so that b is the highest order of the restriction Jjj. In particular 
there is an open neighborhood U\ of H in W\ so that the restriction (J\)ui has highest order < b. 

Remark 7.17. The compatibility of the A operator with open restrictions will also play a role in 
our proof of Proposition 17.131 and this will allow us to present the ideals K\ so that they are also 
compatible with a restriction of W to an open set U, at least if the restricted ideal Jjj is again of 
highest order b. 

There is yet another context in which there is a natural compatibility of the operator A, which 
are not open restrictions, but will also play a role in the proof of Proposition 17.131 In fact, set 
W < — W\ = W x Ai where A\ denotes the affine line and the map is the projection on the first 
coordinate. Note that if J is an ideal in Ow, an d if Ai denotes the operator on the smooth scheme 
W\, then 

A 1 (JO Wl ) = A(J)0 Wl . 

Note that a covering {U\ }aga of W induces by pull-back, a covering of W\ . The setting of Proposition 
17.81 and the inclusions (j7.8.2jl are compatible with pull-backs; and so are the setting of Proposition 
17.91 and the inclusions (j7.10.lj) . This will guarantee the compatibility of all our development for this 
particular kind of projection. 



Part III 
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8. ON HOW THE ALGORITHM WORKS. EXAMPLES. 

We finally sketch the main ideas and invariants involved in our definition of Resolution Functions 
in 14. 7\ which lead us to the simple proofs of the Main Theorems in 14.81 and 14.91 Recall the notion 
of permissible sequence of transformations of pairs, say 

Wo «— (W 1 ,E 1 = {H 1 }) <— ... <— {W k ,E k = {H 1 ,H 2 ,...,H k }), 
Y Yx 

in which we require that each monoidal transformation Wi <— Wj+i be defined so that all exceptional 
hypersurfaces introduced have normal crossings (Prop. 12.9(1 . 

Given J C Ow > there is an expression of the total transform (Def . I2.8j) , say 

JO Wk = I{H 1 ) a U(H 2 ) a ' ■ ■ ■ I(H k ) a * ■ A k . 

This factorization is unique if we require the a, to be the highest possible exponents in any such 
expression. In 14.81 we want to achieve A k = Ow k with the conditions stated in Theorem 12.31 We 
will argue in steps to achieve the proof of that theorem, each step will introduce an exceptional 
hypersurface, and this will lead us to consider a pair (W, E = {Hi, . . . , H r }), rather then simply W, 
and also permissible transformations of pairs 

(8.0.1) (W,E) <- {W U E{) <- ■•• <- (W k ,E k ); 

always in the conditions of Prop. 12.91 

In 14.51 we have defined a basic object as a couple (J, b), J C Ow, together with a pair (W,E). A 
sequence of transformations, say 

(8.0.2) (W,(J,b),E) <- {W u {J 1: b),E x ) <- ••• <- (W k ,(J k ,b),E k ), 

is a sequence of transformations of couples, say 

w «- w 1 w k , 

(J,b) (J lt b) (J k ,b), 

(see (|4.1.2|) ), which also defines a sequence of transformations of pairs, as in (|8.U.1|) . 

We shall sav that (IHTHl) is a resolution of (W. (J. b). E) if V (A^ 1 (J k )) =0. Note that T/(A 6_1 (J fc )) = 
is equivalent to Sing(J k , b) = 0, and also to the condition max— ordj k < b. 

So the resolution would provide an expression of the form: 

JO Wk = /( J ff 1 ) ai /(F 2 ) a2 • • • I(H k ) a « ■ J k , and max -ordj k = b' < b. 

If b' = we have achieved what is stated in Theorem 12 .31 If not we repeat the argument, and try to 
produce a resolution of (J k , b') and (W k , E k ). It is clear that ultimately we come to the case b' = 0. 

Our task is to produce a resolution of (J, b) and (W, E), in some explicit manner, in which centers 
of monoidal transformations are defined by an upper-semi-continuous function. In some particular 
cases this will be clear from the data involved (see 18.31 ). But, in general, the strategy will be to 
reduce to the case in which b = max —ordj, namely to the case of simple couples (|7.4|) . 

In case b = max— ordj, Theorem 17. 131 savs that there is W C W, at least locally, and that ()8. 0.2(1 
induces 

(8.0.3) (W,(K,d),E = Q) <- (Wi, (#!,<*),£!) <- ... <- (W k ,(K k ,d),E k ) 
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such that V(A d ^ 1 (Kk)) = 0. It is important to point out here that we will argue by induction, and 
hence we would like to reverse the argument; namely, to define (J8.0.2JI in terms of Ij8.0.3j) . We now 
indicate the difficulties to overcome. 

The three difficulties for an inductive argument: 

Dl) (K, d) encodes information of (J, b), but not of the set of hypersurfaces E in W. Theorem l7.13l 
asserts that, after restriction to an open subset of W, Ij8.0.3j) will define a sequence of transformations 
of couples, say 

W <- Wi «-...«- W k 
{■lb) (Jj.6) (J k ,b), 

such that V(A b ~ 1 (Jk)) = 0. However this sequence might not define a sequence (|8.().2|) . In fact, it 
might not be permissible over (W, E) because of the presence of hypersurfaces of E. 

This is an important point to overcome. As indicated above, since we will argue in steps, we 
introduce hypersurfaces with normal crossings (those in E), and we want to preserve this condition 
of normal crossings in all exceptional hypersurfaces to be introduced in forthcoming steps. 

D2) The couple (K,d) might not be a simple couple (might not be such that d = max— ordx)- 
Take for example the case J = {z 3 — x 2 ■ y 2 ) and the couple (J, 3) in the affine 3-space. Clearly 
3 = max— ordj so the couple is simple. Since z € A 2 (J), we may take W as the affine plane, and 
(K,d) = ((x 2 ■ y 2 ),3). Note that max— ordx = 4, so that (K,d) is not a simple couple (|7.4j) . 

D3) If (J,b) is a simple couple (i.e. if max— ordj = b), then W is defined by choosing, locally 
at a point x € V(A b ~ 1 (J)), an element of order one in A In general this choice is not 

unique, and the definition of (K, d) (K C £W) is local at x. Our form of induction should provide 
a resolution I8.fl.21 with independence of open restrictions and of choices of W. 



8.1. Set J C Ow and (W,E) as before. Assume, in accordance with D2), that b > max— ordj. So 
here (J, b) might not be simple. Consider a sequence of transformations, say: 

(8.1.1) (W,(J,b),E) <- (W 1 ,(J 1 ,b),E 1 ) <- ... <- (W„(J a ,b),E 8 ). 

We claim that this provides a factorization of J s , say 

J s = I(H 1 ) b U(H 2 ) b ^--I(H s ) b ^ -J s 

so that J s does not vanish along Hi, 1 < i < s. In this manner we may consider (J s ,b), together 
with this factorization of J s . This extra structure on (J s ,b) will allow us to overcome D2), namely 
to reduce the general case to the case of simple couples. 



Example 8.2. Set J =< x Xl x\ > 4 , W = A 2 



k 

(W, (J, 3), £7 = 0) - (W 1 ,(J 1 ,3),E 1 = {H 1 }) <- (W 2 ,(J 2 ,3),E 2 = {H U H 2 }) 

JO Wl = /(FO 4 • Mp JiOw, = IiHi) 2 ■ I{H 2 f 

J 1 = /(i? 1 ) 2 A^ 4 J 2 =I{H l ) 2 -I(H 2 f. 

Here W <— W\ is the blow-up at € A|, p G W\ is a point in the exceptional line Hi, M. p is the 
sheaf of functions that vanish at p, and finally W\ <— is the blow-up at p. 
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Remark 8.3. If J s = Ow s , we say that (J s ,b) is within the monomial case. In this case it is easy 
to extend <j8.1.1|) to a resolution; namely, to define for some k > s: 

(8.3.1) (W,(J,b),E) < <- (W s ,{J s ,b),E s ) <- ... <- (W k ,(J k ,b),E k ) 

so that V(A b ~ l (J k )) = 0. The following example illustrates this fact. Note that in the previous 
example J 2 = Ow r . 

Example 8.4. Consider transformations with centers Yf 

(W 2 ,(J 2 ,3),E 2 = {H 1 ,H 2 }) £ (W 3 ,(J 3 ,3),E 3 = {H 1 ,H 2 }) <- (W 4 , (J4, 3), £4 = {H x , H 2 , H 4 }) 
J 2 = I{H l f-I{H 2 f ,h = /(^i) 2 • I{H 2 ) J 3 = I(H 1 ) 2 -I(H 4 )°.I(H 2 ) 

Y 2 = H 2 Y 3 = Hxn H 2 V(A 2 (J A )) = 0. 

The first transformation is defined with center at the hypersurface H 2 . So the morphism is the 
identity map, but we take here H 2 G E 2 to be the exceptional locus. Note that J3 is not J 2 . 



8.5. On the function v-ord. 

Given a sequence of transformations of basic objects, say (|8.1.1|) . we have defined an expression: 

J s = I{H x ) b H{H 2 ) h *...I{H s ) b °.J s 
so that J s does not vanish along 1 < i < s. Define now: 

v-ord s : F(A b_1 (J s )) —> N 
v-ord s (x) = u x (J s ), (the order of (J s ) x at Ow s ,x)- 

Note that: 

1) The function is upper-semi-continuous. In particular Max v-ord is closed. 

2) For any index i < s, there is an expression 

J l = I(H 1 ) b H(H 2 ) b *-..I(H l ) b > - Ji, 
and hence a function v-ordj : V(A b ~ 1 (J s )) — > N can be defined. 
Another property of these functions is: 

3) If each step (Wi,E{) <— (Wi+i, -Ej+i) in (|8.1.1() is defined with center Yi C Max v-ordi, then 

max v-ord > maxv-ordi > • • • > maxv-ord s . 

Property 3) follows from the fact that, if maxv-ord s = b', then Max v-ord.., = V(A b _1 (J S )) (the 
closed set of (J s ,b')), where (J s ,b ! ) is, by definition, a simple couple. 

Example 8.6. Set ( J, 1); J =< x 2 — y 5 >, and W = h? k . Let C denote the curve defined by J. 

(W/,(J,1),£ = 0) «- {Wi,(Ji,l),E 1 ={H 1 }) {W 2 ,(J2,1),E 2 = {H 1 ,H 2 }) (W 3 , (J 3 , 1), E 3 ) 

Ji = /(Hi) ■ 1(C) J 2 = /(^i) 1 ■ I(H 2 y ■ /(C") J 3 = /(^i) 1 • /(Ha) 1 ■ I(H 3 ) 2 ■ I(C">) 

Y = 0eA 2 k Y 1 = C'nH 1 Y 2 =H 1 nH 2 . 
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Here the Yi are the centers of the monoidal transformations, and C, C", and C" are strict 
transforms of C. In this example 

maxv-ordj = 2 ; maxv-ord,^ = 1 ;maxv-ordj 2 = l;maxv-ordj 3 = 1; 

and the sequence is defined by setting 

Y = Max v-ordj = Y; Y\ = Max v-ord.^ , and Y 2 = Max v-ordj 2 . 

8.7. On the inductive function t. 

Consider, as before, a sequence 

(8.7.1) (W,(J,b),E) <- {W u {J lt b),E{) <- ••■ <- (W s ,(J s ,b),E s ), 

where each W% <— Wi+i is defined with center Yi C Maxv-ordj, so that: 

maxv-ord > maxv-ordi > • • • > maxv-ord^ . 

Set sq < s such that 

maxv-ord > • • • > maxv-ord so _ 1 > maxv-ord so = maxv-ord so+1 = • ■ ■ = maxv-ord,,, 

and 

E s = Eg U E~ (disjoint union), 
where E~ are the strict transform of hypersurfaces in E SQ . Define 

t s : y(A b_1 (J s )) -^NxN (ordered lexicographically). 

t s (x) = (v-ord s (x),n s (x)) 
n s (x) = ${H i eE-,/xeH i } 

One can check that: 

1) the function is upper-semi-continuous. In particular Max t s is closed. 

2) There is a function ij for any index i < s. 

Example 18.81 illustrates the following properties which also hold for this function: 

• If each (Wi,Ei) <— (Wi+i, -Ej+i) in 18.7.11 is defined with center Yi C Maxij, then 

maxt > maxti > ••• > maxt s . 

• If maxi s = (b',r) (here maxv-ord s = b') then Max t K C Maxv-ord s . 

• If Max t s has codimension 1 in W s , then it is smooth. Moreover, in such case Y s = Max t s is a 
permissible center, defining 

(W s ,(J s ,b),E s ) <- (W s+1 ,(J s+1 ,b),E s+1 ), 

and maxt s > max£ s+ i (hence maxv-ord s > maxv-ord s +i). 

Example 8.8. 

0) Consider ( J, 1); J =< x 2 — y 3 > defining a curve C C W = A|. 
Here t(x) = (1, 0) at any x G C except at G A 2 k , t(0) = (2, 0). So 

maxi = (2,0) and Max t = G A^. Let now 

(W,(J,1),E = $) <- (W l ,(J 1 ,l),E 1 = {H l }) 

be the quadratic transformation at G A|. 
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1) Let C' C W\ denote the strict transform of C. Here 

J 1 = I(H 1 )-J 1 

where J\ = 1(C), and ti(x) = (1, 0) at any x G C except for p = C' fl Hi, where ti(p) = (1, 1). So 

maxti = (1, 1) and Max ti = p. 

Set 

(Wi,(Ji,l),Ei) <- (W 2 ,(J 2 ,l),E 2 = {Hi,H 2 }) 

with center at p G Wi . 

2) If C" C W2 denotes the strict transform of C, 

J 2 = /(Fx) • I(H 2 ) ■ J 2 

where J 2 = I{C"). 

Now i 2 (x) = (1, 0) at any x G C" except for g = C" n n iJ 2 , where i 2 (g) = (1, 1). So 

maxt 2 = (1, 1) and Maxi 2 = q. 

Set 

(W 2 ,(J 2 ,l),E 2 = {Hi,H 2 }) <- (W 3 , (J 3 ,l),^3 = {Hi,H 2 ,H 3 }) 
with center at g G VF 2 . 

3) Now 

J 3 = I(Hi)-I(H 2 )-I(H 3 ) 2 ■ J 3 

where J3 = I(C") (ideal of the strict transform). Finally check that t 3 (x) = (1,0) at any x G C" . 
So 

max^3 = (1,0) and Max t 3 = C'" . 

This is a case in which Max t has codimension 1. Note that Max t 3 is a smooth hypersurface, and 
the blow-up at Max t 3 defines a permissible transformation (the identity map): 

(W 3 ,(J 3 ,l),E 3 = {Hi,H 2 ,H 3 }) <- (W 3 ,(J 4 ,l),E 3 = {Hi,H 2 ,H 3 }) 
with J 4 = I(Hi)-I(H 2 )-I(H 3 ) 2 . 

8.9. Overcoming difficulties Dl) and D2) 

We finally indicate a further property of the function t s , which leads to constructive desingular- 
ization by induction. To this end set: 

(8.9.1) (W,(J,b),E) <- (Wi,(Ji,b),Ei) <- ••• ^ (W S ,(J S ,6),£; S ) 

so that 

max v-ord > max v-ordi > ■ ■ ■ > max v-ord s . 
And define, as before, the function 

t 8 : V(A b ~ 1 (J s )) -> N x N. 
This last property can be stated as follows: 

There is a couple (J'J, b") with the following properties: 

• V(A b "^ 1 (J")) = Maxi s , and max ordj/j = b" (i.e. the couple is a simple couple). 
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• Let W s be a smooth hypersurface containing V(A b " _1 (J")), and set (K,d) (K C Cpp s ) as in 
Proposition 17.131 Then any resolution, say: 

(8.9.2) (W,(K,d),E s = ®) <- (WuiK^d),^!) <- ... <- ^,(^,(0,^+*) 
(y(A d-1 (.Kfc)) = 0), induces an extension of (|%1H|) . say: 

(8.9.3) (W,,(J a , - (IY s+ i,(J s+ i,6),£ s+1 ) <- ... «- (W s+fc ,(J s+fc ,6),^ s+fc ), 
such that 

maxt s = maxt s _|_i = • • • = maxt s+ fc_i > maxt s+ k- 

Furthermore 

Maxi s+! = V(A d ~ 1 {K i )){= Smg(K u d)) 

for i = 0, • • • , — 1. 

8.10. Example of constructive resolution. 

Example 8.11. The curve C defined by J =< x 2 — y 5 > in W = A? is irreducible, in particular 
reduced. We attach to it the basic object 

(W,(J,1),E = $), 

and the function 

t : V(A°(J)) = V(J) -> N x N. 
Here t(x) = (1,0) except at the origin G Af, t(0) = (2,0). 
Note that in Example 18.61 

• maxt = (2, 0) and Y = Maxt = 0; 

• maxti = (1, 1) and Y\ = Max t\ ; 

• max £2 = (1, 1) and Y% = Max t? 

• maxt3 = (1,0), Max £3 = C'" , is a smooth hypersurface (see 18.9(1 . Thus, this defines an 
embedded desingularization. 

Compare with the proof of Theorem 12.21 

Example 8.12. The hypersurface Z 2 + X 2 + Y 3 = is irreducible with an isolated singularity at 
G Af. Set W = Af , J =< Z 2 + X 2 + Y 3 >. According to the proof of Theorem l2~2l in PI 
desingularization is achieved at some intermediate step of the resolution of the basic object: 

(W,(J,1),.E = 0). 

The function t : V(J) -»NxN takes value t(x) = (1, 0) except at the singular point, t(0) = (2, 0). 
In this case, and following the notation in 18.91 

• maxt = (2,0). 

• (J", b") can be defined as (J, 2). 

• W= V(< Z >) (in fact Z G A 1 (J)). 

• (K, d) can be defined by (< X 2 + Y 3 >, 2). 

Here W = A|, and the blow-up at G A 2 defines a resolution, namely 

(W,{K,2),E = Q) <— (^1,(^1,2),^ = {#i}) 
and Y(A(i^i)) = 0. According toPJ this defines 

(W, (J, 1),£ = 0) < — (Wx,(Ji,l),E 1 = {H i }) and maxt > max ti. 
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In fact maxti = (1,1). So again, we argue as in 18.91 and attach a couple (J",b") to the value 
maxti = (1, 1). Moreover, a smooth hypersurface W and a couple (K,d) can be defined so that a 
resolution, say: 

(8.12.1) (W,(K,d),E s = Q) <- (W 1 ,(K 1 ,d)E s+1 ) <- ••• <- (W fc , (if fe , d),£ s+fc ) 
(such that V r (A d - 1 (if fe )) = 0), induces: 

(8.12.2) (Wi^Ji.l),^) <- (W 2 ,(J 2 ,1),£ 2 ) ... <- (W S) (J S ,1),£ S ) 
such that 

(1, 1) = maxti = maxt 2 = • • • = maxi s _i > maxi s = (1, 0). 

Note that J s is the sheaf of ideals of the strict transform of the hypersurface, that Max t s = V(J S ). So 
Max t s is a hypersurface, and the last property in !8.7l savs that this is an embedded desingularization. 

Part IV 

In this Part we will address constructive resolution in detail. Part III was devoted to give an 
overview of the invariants involved, and examples of constructive resolution. This last Part IV can 
be read independently of the previous one, so we will introduce all invariants, and prove resolution 
theorems in full generality. 

9. TCHIRNHAUSEN REVISITED. 

The objective of this Section is to prove Proposition 17.131 (see also 19. 3|) . which is the form of 
induction that leads to resolution. This form of induction is that suggested by the examples in 
Section |3J 

In Example 13.61 we treated a case of a simple basic object where W = A 3 , and 6 = 3. There 
the covering {£/a}agA is trivial (i.e. {U\ = W}), and Z G A^ 2 ^(J) defines a smooth hypersurface 
W = V(< Z >)(c W). Moreover, in that example the couple (J*, 6) ( J* C O w in (|3.6.1|) ) plays 
the role of (K\, b\) with property P3) in Proposition 17.131 to be defined in 19.31 

Remark 9.1. We will assume here that the setting of Remark l7.1UI holds for U\ = W, but in a more 
general form, where the role of the smooth hypersurface W is played now by an arbitrary smooth 
subscheme, say Z C W. In other words, assume that b is the highest order of J C 0\y, and that for 
any sequence of transformations of couples, say 

w - wo) «- ... «- WW 

( j (J,b) (Ji,b) (J r ,b), 

then 

(9.1.2) Sing((J) r> 6)cZW, 

where Z^ is the smooth subscheme in W^ r ' defined by the strict transform of Z. 
Note, in particular, that (|9.1.1|) induces a sequence of monoidal transformations 

(9.1.3) Zi—ZM* <— 

Let £ £ Z be a closed point, and let {z±, . . . , z r , xi, ■ ■ ■ , x n } be a regular system of parameters in 
0\y£ such that Z(Z)^ = (zi, . . . , z r ). Consider the isomorphisms 

Ow,Z = K0\Wi ".,Zr,Xi,... ,x n ]], 6 z ,i = k(g)[[xi,.. . ,x n ]], 
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(9.1.4) (£l!---v!Hi,...,v = <p 



where the right hand sides are rings of formal series. Given / € Ojft, let / denote the image at 
Ow£, say: 

oo 

\ A i\ i r 

— / j a ii,...,i r z l ' ' ' z r ' 

ii,...,i r =0 

where each a^,...,^ € . . . ,x n ]]. Note that 

Qil-\ — Hr j \ 

dz\ 1 ---dzi r J ' 

where ip : k(£)[[zi, . . . , z r , x%, . . . , x n ]] — > /c(^)[[xi, . . . , cc n ]] is the quotient map induced by the inclu- 
sion Z C W at £. Note also that, for a fixed integer b, 

(9.1.5) ^(/) > 6 ^(ai,,...,^) > 6 -(*! + ... + i r ), 

for alHi, . . . , i r with < + • • • + i r < b (here the left hand side is the order at 0\y^, and the right 
hand side is the order at Set now 

(9.1.6) /(/, b) = ((a il) ...,i r ) 6 -(n+-+-)/0 < n + • • • + i r < b) 
and reformulate (|9.1.5j) by means of the equivalence 

(9.1.7) ^(f)>b^^(I(f,b))>b\. 

Lemma 9.2. Assume now that: 

1) f and {z\, . . . , z r ,yi, . . . ,y n } are global sections of Ow and J =< f >, 

2) the sheaf of differentials Qw is free with basis {d(z\), . . . , d(z r ),d(yi), . . . , d(y n )}, 

3) I{Z) =< zi, . . . , z r > and Z fulfills the property expressed in 19.1.2]) for (< / >, b). 

Then there is a couple (J*,d), with J* C Oz, such that any sequence of transformations of(J,b), 
say \9.1.1\) . induces a sequence of transformations for the couple (J*,d), say 

z «- z« «- ... «- zw 

1 j (J*,d) (J?,d) (J*,d), 

and 

Sing((J) r ,&) = Sing((J*) r ,d)(c Z«). 
Conversely, any sequence 19.2.1]) induces a sequence 19.1.1]) . 

Proof. For the converse stated in the last line see 17.141 

If g is a global section in Ow, let g denote the class in Oz- Set 



1 / <9* lH — yir f 




b-{i 1 +—+ir) 

J * = ( I ■ i : ■ , I —i VII /0<h + --- + i r < b). 

Fix a closed point £ € Z with residue field and let 014 £ k(£) denote the class of yi at the 

point. Set {z%, . . . , z r , x±, . . . , x n } C Ow,£, where x% = yi — oti. Note also that, despite the change 
of coordinates, the global derivations (defined in terms of {z±, . . . , z r , y±, . . . ,y n }) induces the 
derivation on Oy/£ defined in terms of {z\, . . . , z r , x%, . . . , x n }. 

It follows now from (IHXi]) and (13X71) that, setting d = b\, Sing( J, b) = Sing(J*,d)(c Z). 
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Fix a closed point £ r G Z^'\ and set ^ as the image of £ r in ZW. In particular £ G ^ (0) = 
We may assume, by induction, that: 

1) there is a regular system of parameters {zk-i t i, ■ ■ ■ , Zk-i t r,%k-i,i, ■ ■ ■ , Xk-i,n} at Ow k - 1 £ k -i — 

Rk-l = k(£k-l)[[Zk-l,l, ■■■ j Zk-l,r,Xk-l,l, • • • , Xk-l, n ]\, 

2) I{Z^- 1 )) =< Zfc-i,!, . . . , Zfe_i jr >, and 

3) there is a generator f k -\ of (J)fc-i, together with an expression: 



/fc-i 



*fc-l,ii, 



1.1 



J fc-l,r' 



.,V=0 



with Ofe-i^,...,^ G • • • ,x fc _i jn ]](c Wk _^ k _ x ). 

Note that there is a natural identification of the subring A;(£fc_i)[[xfc_i i, . . . , x k -i n ]] with the 
quotient ring 0^ fc _ lj ^ fe _ 1 ; and using 1), 2), and 3), define I(ff.-i,b) C Ox^j^^j as in (|9. 1.6(1 . 

A change of coordinates in the subring Rk-i, extends to a change of coordinates at Ow k _ 1 ,^ k _ 1 
by fixing {z k -i,i, . . . , z k -^ r }. 

This particular kind of change of coordinates in Oiy fe _ 1 ^_ 1 fixes the ideal in 2), and modifies the 
expression in 3) by changing each coefficient afc-i,u,...,i r G k(^ k -i)[[ x k-i,i^ ■ ■ ■ ,Xk-i,n\]- 

The induced change of coordinates in the quotient ring Oz k _ , f fc is compatible with our definition 
of the ideal I(fk-i,b), defined in terms of expression 3). The point is that, after enlarging k(£k-i) 
to and taking a suitable change of coordinates as before, we may choose 

1') coordinates {z k ,i, . . .,z kjr ,x kA , . . .,x k , n } in Wk ^ k with 

%k— 1,1 • -. X k — i j . 

%k,i j ^ J-j ■ ■ ■ j ^"j *£fc,l -£fc— 1,1 j -^feji j * 1, . . . , 71, 

Efc-1,1 a^fe-1,1 



so that 

2') T(Z k )^ k = (z ki i, . . . , Zk, r )- Set the expression 

o,\ P fk — i v^voo i\ i r i — l,ii,...,i r 

6 ) Ik — ~3> — 2_/ii,...,i r =o a k,i 1 ,...,i r z k,i ' ' ' z k,r> wnere a kil j — b _ (il+ ... +lr) ■ 
k ~ 1 - 1 x k~i,i 

Note here that f k is a generator of (J) k . Furthermore, since 



fc— i,ii, 



''fc-l,! 



it follows that the transform of the couple (I(f k -i, b), b\) {I(fk-i, b) C Oz k _ x ^ h _ x ) is I(fk, b) C Oz k ,£ k 
and the Lemma follows now by (|9.1.6|) . O 

9.3. Proof o f\7.1cl\ We first consider a covering {U\}\ e \ of W, so that there is a closed and smooth 
hypersurface W x C J7 A , and J(W A ) C (A 6 - 1 (J)) A as in 17.101 After suitable refinement we may 
assume that, for each A, the conditions of Lemma EOl hold for Z = W\, and J = (fj) in l7.10l where 
{ft, . . . , fj, . . . , fi} are global sections in Ux that span J Ux = (fx, . . . , //). 
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Finally, one can check that a couple (K, ,b\), with property P3) in Proposition 17.131 is defined 
by setting: 

< = < (g^) ) A) < *. + - + V < 6 ; i = 1, . . . ,!>■ 

10. On resolution functions I. 

10.1. In this, and in the next Section ITT1 we show that resolution of basic objects can be achieved 
once we know how to define resolution for a simple class of basic objects. 

Definition 10.2. We will say that a basic object (W, (J,b),E) is a simple basic object, if (J, b) is 
a simple couple ()7.4j) . J ^ 0(c Ow), and E = (or, more generally, if Hi n Sing( J, 6) = for any 
Hi € £)■ 

The following result indicates the relevance of simple basic objects for inductive arguments. 

Proposition 10.3. Fix a simple basic object (W, (J, 6), E = 0) . Set Sing(J, b) = Ui<i< s Zi, where 
each Zi denotes an irreducible component of this closed set, and let i?(l)(Sing( J, b)) be the union of 
those Zi of codimension one in W. Then 

a) i?(l)(Sing( J, b)) is open and closed in Spec(J, b) (i.e. a union of connected components), and 
it is a closed and smooth hypersurface in W. Moreover, no other component o/ Sing (J, b) meets 
i?(l)(Sing(J,6)). 

b) If (W, (J, b), E = 0) < — (Wi, (Ji, b), Ex) is defined with center i?(l)(Sing( J, b), then Wi = W 
and Sing(Ji, b) = Sing(J, b) - i?(l)(Sing(J, b)). 

In particular (Wi, (Ji,b),E±) is a simple basic object and i?(l)(Sing( Ji, b)) = 0. 

Proof, a) If Z\ is of codimension one, and if x € ZiCiZi for some other component Zi, then Spec( J, b) 
cannot be included in a smooth hypersuface locally at x, in contradiction with property PI) in l7.111 
The same property insures that -R(l)(Sing( J, b)) is regular. 

b) The blow-up on a hypersurface is the identity map, so W\ = W . The second assertion follows 
from property P2) in 17.111 In fact, locally at a point x € i?(l)(Sing( J, b)) there is a smooth 
hypersurface W, such that locally at x € W, Sing( J, b) = W . Moreover, locally at x € W\ = W, 
Sing(Ji,6) C Wi, where W\ is the strict transform of W by blowing up at the center W. So W\, 
and hence Sing(Ji, b), are empty locally at x. 

10.4. Resolution functions and the principle of Patching. If (W, (J, 6), E = 0) is a simple ba- 
sic object, Proposition says that, after blowing-up at the center -R(l) Sing( J, 6), we may assume 
that i?(l) Sing( J, b) = 0; and point is that in this setting we can profit of the form of induction on the 
dimension d in Proposition 17. 131 In fact, if the simple basic object is such that R(l) Sing(J, b) = 0, 
then there is a covering {U\}\ e \ of W, and for each index A a d — 1 dimensional basic object 

if* 1 = (W x , (K ( x 0) ,bl), 0), such that Sing(J, b) n U\ = Sing(Kf } , 6!). Note that R(l) Sing(J, b) = 
asserts that the ideals are non-zero; a condition required in our definition of basic object. 

Assume that (J , >) has been defined, together with the functions defining, as in l4.7( resolutions 
of d — 1 dimensional basic objects. We will require that 
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along points in Sing( J, b) fl U\ D Up (condition of patching). In such case we can define a function 

f d B 1 :Sing{J 1 b)^I d - 1 

simply by patching the functions f-gd-i- The function is upper-semi-continuous, and Us n 

„-i whenever Us 

Or 

(W,{J,b),E = %) <— (W l ,(J 1 ,b),E 1 



13 

Max fjf 1 = Max/_ d -i whenever Us fl Max f| -1 7^ 0. Therefore Max f| -1 is a center defining 



Assume, for simplicity, that UsH Max fg 1 7^ for each index 5, then W\ can be covered by {U^ }agA 
(notation as in !7.7|) . and for each A we obtain 

Bt l = (W x ,(K^,b\),$) «— (Sj- 1 )! = (^i 1) ,(K«,6!),^ 1 ) 

with C t/j^. Furthermore, the closed set Sing(Ji,6) C W\ is such that Sing(Ji,6) n U^ = 

Sing(K^\b\). We will require that 

along points in Sing(Ji,6) n uj^' fl so as to define T^" 1 : Sing(Ji,6) — > I^ 1 (requirement of 

patching); and in such case Max f^" 1 defines a transformation of (Wi, (Ji, b),E x ). 

The point is that if all these requirements of patching hold again and again, the resolutions of 
the different basic objects B x 1 = (W\, (K^ , b\), 0), defined in terms of the functions on (I d ~ l , >), 
patch so as to define a resolution of (W, ( J, b), 0). This would provide resolution of simple basic 
objects of dimension d. 

Conclusion: Resolution of simple basic objects (W, (J, 6),0) can be achieved by blowing up 
successively at Max for f^ 1 : Sing(Jj, b) — ► I d ~ l defined as above, if the condition of patching 
holds. 

General strategy for resolution of basic objects: 

1) Define the functions so that the patching principle holds. 

2) Reduce the problem of resolution of a basic object to that of simple basic objects 1)10.2)1 . 
10.5. Fix a basic object and a sequence of transformations 

(10.5.1) B = (W, (J, b), E) <— B x = (Wi, (Ji, b), E x ) . . . «— B k = (W k , (J k ,b), E k ) 

where E = {Hi, . . . , H r } and E k = {Hi, . . . , H r , . . . , H r+k }. There is an expression relating J k with 
the total transform, say: 

(10.5.2) JO Wk = I(H r+1 ) c U{H r+2 f 2 ■ ■ ■ I{H r+k ) c KJ k 

as in ([4.1.3)) . Note here that J k might vanish along some of the exceptional hypersurfaces {H r+ i, . . . , H,, 
and, as indicated in the example in 1)4.3. 1|) . there is also a well defined expression: 

(10.5.3) J k = I(H r+ i) a ^I(H r+2 ) a ^ ■ ■ ■ I(H r+k ) a ^.J k 
at Ow k , so that J k does not vanish along any exceptional hypersurface. Set d = dim W k , and 

ordf: Sing(J fc ,6) Q 

x b 1 



r 
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w-ordf: Sing(J fc ,6) -> Q 



x > b > 

where vj k (x) {y-j (x)) denotes the order of the ideal JOw k ,x ( JkO\v k ,x ) at Ow k ,x- Both functions 
are upper semi-continuous and, since Jo = Jq = J, they coincide for k = 0. 
We will also define an upper semi-continuous function by setting 

a r+i : Sing(J fc ,6) -> Q 

where a r+ j(x) = anc [ a r+ i(x) = a r+ i in (jl0.5.3j) if x € H r+ i, and a r+ i(x) = otherwise. 

The role of the denominator b is of no use for the moment and the reader might want to ignore 
it. We will justify the presence of b in 110. Ill 

Remark 10.6. Assume that max w-ordf = and that (W&, (J k , b), E k ) < — {W k+ i, (Jk+ii b), E k+ jj 
is defined with center, say Y k C Max w-ord^ . So the function w-ordf takes only the value j along 
points of Yfc. Then the expression (|10.5.3|> . corresponding now to Jk+i, is: 

(10.6.1) J fe+1 = I(H r+1 ) a U(H r+2 ) a * ■ ■ ■ I(H r+k ) a * ■ I(H r+k+1 ) a ^ ■ J k+1 . 

Furthermore: 

1) (Jk, b') is a simple couple (|7.1jl . and Max w-ord^ = Sing(J/ c , b') n Sing(Jfc, 6). 

2) (Jfc + i,6') is the transform of the simple couple (J k ,b'), and max w-ord^+i < \. 

In fact, if Jfc+i is not to vanish along H r+k+ i it must be defined as the proper transform of J k 
(|2.8[) . The first assertion follows from our choice of center and the second from Theorem 17.51 

y 

10.7. We will impose conditions on a sequence (|1U.5.1|) . Set -f = maxw-ordj. Assume all centers 

Yi C Max w-ord,; , for i = 0, . . . , k; 



and hence, that 

b' b' b', b' 

(namely > -y > . . . > > -£) by the previous remark. Let fco be the smallest index such that 



maxw-ordfc+i > maxw-ord^+i > . . . > max w-ordfc+i 
y the previous remark. 
b 'k _ b' h0+X _ _ b' k 



For each index k$ < j < k define a partition on the set of hypersurfaces in Ej, say Ej = E- U E~j~ , 
where Ej = {H x , . . . , H r , . . . H r+ko } and Ef = {H r+ko+1 , . . . H r+j }. So for j = k E ko = ; and 
for j > kf), Ej consists of the strict transforms of hypersurfaces in E ko . We finally order Q x N 
lexicographically, and set 

t d k : Sing(J fc ,6) -> QxN 

x — ► (w-ord d k (x),n d k (x)) 

n d,ts = { #{HEE k \SeH} if w-ordf (0 < | 
" \ € ^ | $ € if} if w-ordf (0 = b f. 

To see that is upper-semi-continuous we argue coordinate-wise: fix integers m, n, and note 
that 

G {m ,n) = Smg(J k ,b)/t d k (0 > (j,n)} 
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is closed. The statement is clear if y = If not, set G^ m n ^ = F\ U F2, for 

777/ "I - 1 ?Ti 

Fx = {e/w-ord fc (0 > — ^— }, and F 2 = {£/ w-ord fc (£) > y ; #{H e E^ \ £ e H} > n}. 

Remark 10.8. Because of the lexicographic order on Q x N we see that maxi^ = (max w-ord^, a) 
for some integer < a < dim W = d; and hence that Max t^ C Maxw-ordf. With notation as in 
111). 71 at most a hypersurface of E^ cut at a point of Maxw-ordf, and Max ^ are the points with 
this condition. 

If a transformation (Wfc, (J k , b), E k ) <— (Wfc+i, (Jfe+i, &), Ek+i), is defined with center Y k C Max , 
then maxw-ordfc > maxw-ordfc+i (|10.61 2). 

If maxw-ordfc > maxw-ord^+i, then max^ > max On the other hand, if maxw-ord^ = 

maxw-ordfc + i, then E^ +1 will consist on the strict transform of hypersurfaces in E^ . It is clear that 
in such case max-tf > maxt^ , 1 . 

10.9. Projections of Basic Objects. So far we have only considered transformations on basic 
objects defined by monoidal transformations. Set W k+ i = W k x A 1 (the affine line), W k <— Wfc+i 
the projection, and define 

(10.9.1) (W k , (J k ,b),E k ) <- (W fc+ i, (J fe+ i, b), E k+1 ) 

where E k+ i is the pull-back of hypersurfaces in E k , and J k +i = J k ' @w k+1 ■ We call this a projection 
of basic objects. Projections will play a key role when proving the patching conditions discussed in 

EH 

Note that if a point x k+ i 6 W k+ \ maps to a point x k € W k , then the order of J k at Ow kjXk is the 
same as the order of J k +\ at Ow k+1 ,x k+1 ■ 

Here that dimension of W k+ \ = dim W k + 1, but ignoring superscripts, the functions w-ord^, 
n k and t k can also be extended to functions w-ordfc+i, n k+ \ and t k+ \ at Sing( Jfc+i , b) (pull-back of 
Sing(Jfc,6)). Furthermore, if x k+ \ € Sing( J k +i , b) maps to x k £ Sing(J k ,b), then w-ordfc+i(xfc + i) = 
w-ordfc(xfc), n k+ i(x k+ i) = n k (x k ), and t k+1 (x k+1 ) = t k (x k ). 

In other words, given a sequence 

(10.9.2) Bo = (W,(J,b),E) <—B 1 = (W 1 ,(Ji,b),E 1 )...<— B h) = (W k(V (J k() ,b), E ko ) 

where each index i < k (Wj, (Jj, b), E{) <— (Wi+i, (Jj+i, b),Ei + i) is defined by 

1) a monoidal transformation with center 5^ C Max w-ord,; , or by 

2) a projection of basic objects; 
we have that 

max w-ordo > maxw-ordi > . . . maxw-ord/% . 

In particular, the partitions of E\ = Ef U E~ +1 , and the functions tf : Sing(J i i c , b) — > Q x N defined 
in 110.71 can also be defined in this setting. Furthermore, if all centers Y{ C Max ^(C Max w-ord,,) 
then 

maxio > maxti > . . .max^ . 

Proposition 10.10. Consider a sequence hi 0.9. 2(1 (of transformations and projections), and assume 
that either ko = or that maxtp > max t\ . . . > maxt^ o _ 1 > rnaxt^. Then there is a simple basic 
object (W ko , (K ko ,c),$) (Def. MO. ty) such that any sequence 

(10.10.1) (W ko ,(K ko ,c),(D) <— (W ko ,(K ko+1 ,c),E[)^- ...(W ko ,(K ko+m ,c),E' m ) 
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(of transformations and projections) induces a sequence over (Wk , (Jfc ,o), E ko ), say: 

(10.10.2) (W,(J,b),E)... <— (^,(^,6),^) <— ... <— (W ko+m ,(J ko+m ,b),E ko+m ). 

Furthermore, UU.1U.1}) and U(J.1(J.H\) are related by the following properties: 
PI) maxif o = . . . = maxtj )+m _ 1 zn JTOgD- 
P2) Max^ Q+j = Sing(K fco+J ,c) /or < j < m- 1. 

P3) If S'mg(K ko+m , c) = 0, then Sing( J fco+m , o) = or maxif o+m _ 1 > maxtf o+m . 

P4) // Sing(ififc D+m , c) / 0, then max^ o+m _ 1 = max^ o+m and Smg(K ko+m , c) = Max t fco+w . 

We begin by the following two remarks, needed to sketch a proof of this Proposition. 

Remark 10.11. Fix a basic object B = (W, (J, b), E) and a positive integer m > 1. Set J m C C% 
the m-th power of J, and consider i? m = (W, (J m ,m ■ b),E). Note that 

Sing(J,6) = Sing(J m ,m-o). 

In particular, a smooth center Y defines a transformation of one basic object iff it defines a trans- 
formation of both, say: 

(W,(J,b),E) < — (Wi,(Ji,b),E!) and (W, (J m , m ■ b), E) < — (Wi, ((J m )i, m ■ b), E x ) respectively. 

Since the total transform of J m , namely J m .Own is the m-th power of the total transform of J, it 
follows that (J m )i is the m-th power of J\ (i.e. (J m )i = J™)- The same holds after any sequence of 
transformations. Therefore a resolution of B induces a resolution of B m , and the other way around. 
It will turn out that the resolution of B, defined by the resolution functions in 14. 7\ will coincide 
with the resolution of B m defined by the resolution functions. For the time being note that at a 
point £ £ Sing(J, 6) = Sing( J m ,m ■ b), Uj( jp = " J "r , where vj{x) denotes the order of J at Ow,x- 

Remark 10.12. Given two basic objects (W, (J,b),E) and (W, (K,c),E) (same (W,E)), note that 

Sing( J, b) n Sing(K, c) = Sing( J c , c • 6) n Sing(K 6 , b • c) = Sing( J c + K b , b ■ c). 

If Y C Sing(J c + if 6 , b ■ c) defines (W, (J c + if b , 6 • c), £) <- (Wi, ((J c + if 6 )i, o • c), #i), then F also 
defines (W, (J, &),#)<- (Wi, ( Ji, 6), and (W, (if, c),E) <— (Wi, (if x , c), #i). Check finally that 
( J c + if b )i = Jf + K\, and hence that 

SingfJx, 6) n Sing(if ljC ) = Sing((J c + if 6 ) 1)C • 6). 

So, by induction, a sequence of transformations of (W, (J c + if & ,6 • c),E), induces sequences of 
transformations of (W, (J, 6), E) and of (W, (if, c),E), and for each index i, 

Sing(Jj, 6) n Sing(if 4 , c) = Sing(( J c + K b ) i7 c ■ b). 

Because of this property we will set formally: 

(10.12.1) (W, (J, b),E) n (W, (if, c),E) = (W, ( J c + K b ,b- c),E) 

Example 10.13. Let Xq be an curve in a smooth surface Wo, analytically irreducible at a closed 
point £o G Wo- These data allow us to define, for each integer k, a sequence of k quadratic 
transformations over Wq. In fact, if Wo <— W\ is defined with center £q> the strict transform 
X\ intersects the exceptional locus H\ at a unique point, say £i. Set Wi <— W2 with center £1. By 
iteration we get Wj <— Wi+i, with exceptional hypersurface i?j+i, and £,+1 = i?j+i n E Wj+i. 
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Set Xq = V(< x 4 — y 5 >) C Wq = Spec(k[x,y]). For any k, the sequence of length k defined by 
this curve induces a sequence of transformations of (Wq, J =< x 4 — y 5 >, 1), Eq = 0). For k = 1: 

(Wo, J =< x 4 - y 5 >, 1), So = 0) <- (Wi, (Ji, 1), Si). 

Check first that Ji = I(Hi) 3 Ji, and that max^ = (4, 0) > max t\ = (1, 1). So for A; = 1, /c = 1 in 
the setting of Proposition 111011 Show that (Wi, (Ji, 1), 0) n (Wi, (/(ifi), 1), 0) (see plays 
the role of (Wfc , (i£fc o ,c),0) in the Proposition. Note finally that for the sequence of five quadratic 
transformations defined by the curve (i.e. for k = 5): 

max if = max £2 = maxi| = maxi| > max £5. 

Proof. Of Prop \1U.1(A We define (Wk , (K ko , c), 0) with those properties, and we do so by taking 
suitable intersections (|1U.12|) . 

If maxt^ = {-^-,nk ), b ko is the highest order of J ko along points in Sing(Jfc ). Set 
( W ko , (A ko , c) , 0) = (W ko , ( J ko , b) , 0) n ( W fco , (J fco , b ko ) , 0) 

so that Sing(A ko ,c) is Max w-ordi- . By assumption E ko = E^ , and at most nfc hypersurfaces of 
-E^ can come together at a point of Max w-ordfc . For a subset S C with nfc hypersurfaces, set 
Fs = Max w-ord D (n^ggflj) . Given two such subsets Si 7^ S2 note that n -Fs 2 = since n ko is 
a maximum. Furthermore Max th = UF5 for all S as before. Recall that each Hi 6 Efc is a smooth 
hypersurface, and set (W fco , (!(#,), l),®)n(W ko , (I(Hj), 1),0)(= (Wjfc, (/(#)+!(#.,•), 1),0)). Finally 
set B ko = EsEH,, G 5 / ( F iJ' and 

(W k0 ,(K k0 ,c),$) = (W k0 , (A k0 , c) , 0) n (W fco , (B k0 , 1 ) , 0) , 

and check that Smg(K ko , c) = Max tf Q . 

If Yfe C Sing(K ko , c) is a center of transformation for this basic object, then, for any Hi £ E ko , 
either Y ko C Hi or Y ko D Hi = 0. In particular Yfc has normal crossing with E ko and defines 
a transformation of (W ko ,(J ko ,b),E ko ). Furthermore, using 1531 and the previous Remarks, we 
conclude that either maxt^ > max^ +1 , in which case S'mg(K ko+ i, c) = 0, or maxi^ = max^ +1 , 
in which case Sing(K ko+ i,c) = Max tf ^ 1 (notation as in 1)10.10.1)) and (|10.10.2|0 . 

In this last case E[ (in 1)10.10.1)) ) is E^ o+1 in 1)10.10. 2JI . If Y ko+ i is a center that defines a trans- 
formation of (W ko+ i, (K ko+ i,c),E[), then Yfc +i must have normal crossing with E^ +v and on the 
other hand, for any hypersurface Hi € E^ o+1 either Y ko+ i C -ffj or lfc +i ni/j = 0. This insures that 
Yfc 0+ i has normal crossing with Sfe +i, and defines a transformation of (W ko +%, (J ko +%, b), E ko +%). 

All properties in Proposition 110, lUl follow by iteration of this argument. 

We end this proof by showing that (W ko , (K ko , c), 0) is a simple basic object. To check this note 
that if J has highest order b, then J c + K b has highest order b ■ c in ()10.12,1)) . So it suffices to check 
that B ko has highest order 1, which is clear. (3 

11. On resolution functions II: the Monomial Case 

11.1. Proposition HO.lUl asserts that if we knew how to define resolutions of simple basic objects, 
then we could define an extension 1)10.10. 2)1 . so that maxijj^ = ... = maxi^ o+m _ 1 > maxi^ o+m . 
Since ()10.10.2)) is a sequence of transformations of (W, (J,b),E), the first coordinate of maxt rf is of 
the form I for a positive integer I; and the second coordinates is at most the dimension of W. So 
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by iteration of resolutions of the simple basic objects in Proposition 110.101 we could force the last 
value maxt d to drop again and again. Ultimately, we come to the case in which either (|10.10.2|) is 
a resolution, or the first coordinate of maxi^ o+m is zero. This last case is called the monomial case. 
In Proposition 111.51 we will provide resolution for this case. Note also that in the monomial case 
Jfc = Ow k in (|10.5.3j) . locally at any point in Sing(Jfc, 6), so Jk is locally spanned by a monomial. 

Example 11.2. Let W = Spec(fc[Xi, X 2 , X 3 ]) and (W, (J, 5), 0), J =< Xf -X\ -X\ >. The singular 
locus is a union of two hypersurfaces V(< X\ >) U V(< X 2 >). Blowing up V(< X 2 >) we get 
W\ = W and (Ji, 5), J\ =< Xf ■ X\ ■ X% >. The singular locus is a union of a hypersurface with a 
line. Blowing up at the hypersurface we get W 2 = W and J 2 =< X\ ■ Xf • X% > where the singular 
locus is a line. A resolution is finally achieved by blowing up such line. 

It is simple to establish a general strategy, in the monomial case, so that, as in this example, 
resolution is achieved by blowing up at maximal dimension components of the singular locus. 

Note that, for a monomial basic object, the closed set Sing( J, b) is the union of some of the 
irreducible components of intersections of the hypersurfaces Hi. In fact, consider the functions 

, . . . , ai p defined in llU.51 and an irreducible component C of the intersection H^n- ■ -DHi p ; then the 
functions , . . . , ai p are constant on C, and C is included in Sing( J, b) if and only a% x + ■ — V a; > b 
along C. 

Definition 11.3. Let (W, (J,b),E) be a monomial basic object. Define the function: 

h : Sing( J, b) — d = ZxQxZ N 

where, if £ G Sing(J, b), the values and are defined as follows: 

("3.D Ko^n{,| 3l ,..., v ^ n y.! n ^f**}, 

(11.3.2) cj(£) = max < 1 | 

q = p(0, a h (0 + --- + a iq (£)>b, ^eH h n---nH iq }, 

and 



(11.3.3) £(£) =max{(ii,...,^,0,...) G Z p 



q = 7 — = ^ e flii n ■ ■ ■ n fli, 

In the last formula we consider the lexicographical order in Z N . 

Fix a point £ G Sing(J, b) and let C±, . . . , C s be the irreducible components of Sing( J, b) at £. 

• The first coordinate of h(£) is — p(Q, where p(£) is the minimal codimension of C\, . . . , C s . 
Denote by C[, . . . , C', the components with minimum codimension (i.e. of highest dimension 
at the point £). 



AN INTRODUCTION TO CONSTRUCTIVE DESINGULARIZATION. 



39 



b' 

• The second coordinate of h(£) is to(£) = — , where b' is the maximum order of J along the 

components C[, . . . , C' s ,. 

Denote by C", . . . , C"„ the components with maximum order. 

• The last coordinate of h(£), £((,), corresponds to one C" , for some index j. 

So for a fixed point £, with p(£) we have selected the irreducible components of Sing(J, b), at £, 
of highest dimension. With a>(£) we have select, among the previous components, those where the 
order of J is maximum. Finally with we select a unique component containing £. 

11.4. Now one can check that the function h is upper-semi-continuous, and that the closed set 
Max h is regular. In fact if max h = (—po, Wq, (ii, . . . ,i Po , 0, . . .)), then Max h is a union of connected 
components of the regular scheme n • • • D Hi Po . 

It is clear that Max h is a permissible center for the basic object (W, (J, b),E). Let 

(W,(J,b),E)^(W l ,(J 1 ,b),E 1 ) 

be the transformation with center Max h, and let E\ = {Hi, . . . , H r , H r+ %}, where, by abuse of 
notation, Hi denotes the strict transform of Hi, for % = 1, . . . , r, and H r+ \ is the exceptional divisor 
of II. The basic object iW\, (J±, b),Ei) is also monomial, in fact for £ € Sing( J\, b) we have 

(11.4.1) J ? = imf ■ ..l(H r )f {0 l(H r+1 )f +lii) , 

where the functions a- are given by: 

4(C) = ai(n(0) VteHi and* = l,...,r; 

[ ' <+i(0 = a h (U(0) + ■■■ + % (n(0) " b Ve G fl- r+1 . 

As in Definition lll.31 a function /ii has been associated to the basic object (W\, (J\, b),E\), and 
one can check that the maximum value has dropped: 

max/i > max^i. 

In fact, for any point £; € Sing(Ji, b): 

/n(0 = /»(n(0) if n(e)^MM/i 

1 JJ < h{U(0) if n(0G Max/i. 

It is not hard to check now that this function h defines a resolution in the monomial case: 

Proposition 11.5. Consider a sequence hlU. 9.'0\) (of transformations and projections), and assume 
that maxtg > maxtj . . . > maxt^ Q _ 1 > maxt^, and that maxw-ord^, = 0. A resolution 

(H-5.1) (Wfo, (Jk ,b), E ko ) < — . . . < — (Wk + m , (Jk +m, b), E ko+m ). 

is defined by the functions hi : Sing(Jfc 0+i , b) — > V, by blowing up successively at Y ko+i = Max hi . 

12. General basic objects and resolution functions. 

In I1U.4I we already discussed the need to generalize the notion of basic object in order to profit 
from a form of induction on the dimension of basic objects, which would enable us to achieve 
resolutions of basic objects. This leads us to the notion of general basic objects which will be 
developed in this section. Recall that in the setting of !10.4| namely the case of a simple basic object 
(W, (J, b),E = 0) (in which dim W = d, and where i?(l)(Sing( J, b)) = 0), there is a form of induction 
on the dimension d. In fact, in such case there is a covering {U\}\ e \ of W, and for each index A a 
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d - 1 dimensional basic object b{ 1 = (W\, (K { °\bl), 0), such that Sing(J, b) n U x = Smg(K^\b\). 
The outcome of the previous sections EH and ^2 is to show that resolutions of simple basic objects 
implies resolutions of arbitrary basic objects. However in doing so, we expect to argue inductively 
by defining the functions w-ord, n (see (jlU.7}0 . and h (see (111.3(1 ). for these locally defined basic 

objects B d x 1 . In this Section we provide a precise formulation of these locally defined basic objects. 
The key point, that will ultimately allow us to define the functions w-ord, n , and h in this more 
ample context, is the fact that the singular loci of these d-1 dimensional basic objects, namely the 
sets Sing(K^°\ bl), patch and define the closed set Sing(J, b). In fact Sing(J, b) PiU\ = Smg(K^\ bl). 
Furthermore, this form of patching will also hold after transformations; a concept that will be made 
precise in the following definition. The covering {C/a}agA °f W an d the d— 1 dimensional basic object 
B d - 1 = (W x ,{Kf\b\),%) will define, in the sense of the following definition, a d — 1 dimensional 
general basic object. 

Definition 12.1. A d- dimensional general basic object over a pair (W, E) (W smooth, E = 
{Hi, . . . ,H S } as in (|4.5j0 . consists of an open covering of W, say {!7 Q } a gA; and setting (U a ,E a ) as 
the restriction of (W,E) to U a , there is: 

(i) A collection of basic objects. For every a 6 A there is a closed and smooth d-dimensional 
subscheme W a C U a , which intersects transversally all hypersurfaces E a , in the sense that 
HiHWa = (H a )i is either empty or a smooth hypersurface of W a , defining a pair (W a , E a ) = 
{(H a )i, . . . , (H a ) s }. And, for each a there is a basic object 

(W a ,{B a ,d a ),E a ). 

Obviously, for each index a the closed set Sing(i? Q ,, d a ) C U Q is locally closed in W. 

(ii) A patching condition. There is a closed subset F C W such that 

Ff]U a = Smg(B a ,d a ) 

for every a G A. 

(iii) Stability of patching (I). Let 

(W,E) <— (W 1 ,E 1 ) 

be a permissible transformation with center Y C F (|4.5|) . let {U aa } be the pullback of 
{U a }aeA to W\, and for each a E A let 

(W a ,(B a ,d a ),E a ) < — (W a ,i, (-Ba,i, d a ), E a ,i). 

be the corresponding transformation of basic objects. Then there is a closed set F\ C W\ 
so that 

F%nU a! i = Sixig(B a>1 ,d a ) 

for each index a G A. 

(iv) Stability of patching (II). Let W < — W\ = W x A 1 be the projection and let 

(W,E) <— (W 1 ,E 1 ) 

where E\ is defined as the set of pull-backs of hypersurfaces in E. Let {U at i} be the pullback 
of {U a } ae i to Wi, and for each a G A set 

(W a ,(B a ,d a ),E a ) < — (Wq,i, {B a ,ii d a ), E a> i), 
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where W a 1 = W a X A , E a i is the pull-back of hypersurfaces in E a , and B a i = B a O^ 
Then there is a closed set F\ C W\ such that, for each index a € A 

FiHt/a,! =Smg(B aA ,d a ). 

(v) Stability of patching (III). The patching condition defined in (iii) and (iv) holds after 
any sequence of transformations: Given a sequence of transformations of pairs, 

(W ,E ) <— {W 1 ,E 1 ) <—...<— (W r ,E r ) <— 

u u u 

where for i = 0, 1, . . . , r, Wj+i — > W, is defined either by: 

(1) blowing up at centers lj, permissible for the pair (Wj, Fj), and Y. L included in the 
inductively defined closed sets Fj C Wj, or 

(2) a projection p : Wj+i — ► Wj, 

there is an open covering {U a>r +i} of W r+ \ (the pull back of {U a }), a sequence of transfor- 
mations of basic objects, 

(12.1.1) (W a ,(B a ,d a ),E a ) <— (W a> i,(B a)1 ,d a ),E a)1 ) < 

and a closed set F r+ \ C W r+ i, such that for each a € A, 

F r +i H U a , r +i = Smg(B a>r+ i,d a ). 
(vi) Restriction to open sets. If V C W is an open set, consider the restriction of all data to 
V: the open covering {U a (1 V} Q& \, the basic objects (W a , (B a ,d a ),E a )y, 

and the closed set Fy = F (IV. Then we require that all properties (i), (ii), (iii) (iv) and 
(v) hold for the restriction. 

Last condition (vi) could be avoided if we assume desingularization. In fact, if Y C FC\V is a smooth 
center, the closure of Y in W might be singular. If we assume desingularization we may assume 
that the closure is regular, and that the transformation over V is a restriction of a transformation 
over W. However we want to prove desingularization, so we impose condition (vi). 

A general basic object will be denoted by (J 7 , (W, E)), the restriction to an open set V will be 
denoted by (J-y, (V, Ey)). Note that we have defined two notions of transformations of general basic 
objects: one as in I12.1f iii'l (by a monoidal transformations), and another one as in I12.1f iv). by a 
projection. This last transformation increases the dimension by one. 

We denote a sequence (of transformations and projections) as 

(Fo,(W ,F )) <_...<_ (T r ,(W r ,E r )) <— (F r+ i,(W r+ i,F r+1 )) 

(12.1.2) U U U 
Fq F r F r+ i. 

Remark 12.2. If (J 7 , (W,E)) is (i-dimensional, then d can be different from dim W. 

1) A basic object (W, (J, b), E) defines a d-dimensional general basic object (J 7 , (W, E)), with the 
trivial open covering and d = dimW. 

2) A simple basic object (W, (J, b),E = 0), with dim W = d and i?(l)(Sing( J, b)) = 0, also defines 
a general basic object (J 7 , (W, E)) of dimension d — 1. 
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This follows from Proposition 17. 131 as was indicated in 110.41 see also 17.171 for the case of projec- 
tions. 

Remark 12.3. A general basic object can be described by giving two different open coverings. 
What is important here are the closed sets F that it defines. That is why in the notation for general 
basic objects (T, (W,E)) there is no reference to the open covering which appears in the definition. 

A general basic object (T, (W, E)), defined in terms of an open cover {U a } of W and basic 
objects (W a ,(B a ,d a ),E a ), is said to be a simple general basic object, when all the basic objects 
(W a , (B a , d a ),E a ) are simple (fTTHj) . 

We now extend the result in Proposition I1U.3I to the case of general basic objects. 

Let R(1)(F) be the union of d — 1 dimensional components of F (so that R(1)(F) n U a = 
R(l)(Smg((B a ,d a )))). 

a) R(1)(F) is open and closed in F (i.e. a union of connected components), and smooth in W. 

b) Setting (T, (W,E)) < — i^, (W u E t )) with center R(l)(F), then Wi = W and F x = F - 
R(1)(F); in particular: 

c) (Wi.Ei)) is simple and = 0. 

Finally, one can generalize 112.21 2), to show that if c) holds, then (J-\, (Wi,Ex)) has a structure 
of d— 1 dimensional general basic object (where d = dimension of (J-, (W, E))). 

Definition 12.4. A resolution of a general basic object (J-q, (Wo, -Bo)) is a sequence of transforma- 
tions as in (|12.1.2j) which fulfills the following two conditions: 

(i) The sequence involves only monoidal transformations (|12.11 (iii)). 

(ii) The closed set F r+ \ is empty. 

Note that if {U a } is an open covering of W as in Definition 112.11 then for any a we obtain a 
resolution of the basic object (W a , (B a ,d a ), E a ) as defined in 14.51 

12.5. We will assign, to each general basic object (T, (W,E)), an upper semi-continuous function 
fjr : F — > (T, >) (on the closed set F C W as in 112.11 (ii)). Such functions will be defined so that 
they are compatible with open restrictions. In other words, if V is an open subset of W, the closed 
set of the restriction (JFy, (V, Ey)) is F PI V, and we require that the restriction of fp to F n V be 
fp v . The following is an example. 

Lemma 12.6. Let (J-,(W,E)) be a general basic object, let {U a } a £\ be the corresponding open 
covering ofW, and let (W a ,(B a ,d a ),E a ) be the collection of d- dimensional basic objects associated 
to (J-,(W,E)). Then the functions 

ord d a :(FnU a =) Sing( J B a , da) -> Q 

patch so as to define 

ordjr : F -> Q. 

The proof of this Lemma will be developed in Section 1131 It is an example of the principle of 
patching of functions (|10,4[) . Indeed it is the main example, and the proof in Section El will clarify 
why projections were considered in ll2.1| (iv) (and in llfl.Qj) . 
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12.7. Define (Fq, (Wo, Eq)) as before, by the covering {U a }aeA and basic objects (W a , (B a ,d a ),E a ). 
Recall that a sequence of transformations 

(F ,(W ,E )) <_...<_ (F r ,(W r ,E r )) <— (F r+1 , (W r+1 ,E r+1 )) 

(12.7.1) U U U 

Fq F r Fr+li 

induces, for each index a, a sequence of transformations of basic objects 

(12.7.2) (W a ,(B a ,d a ),E a ) <— ((W«)i,((B a )i,d«),(^ a )i) < 

' • • ((^ / a)r, ((B a )r, d a ), (E a ) r ) < (( W a ) r+ i , ((S a ) r+ l , d a ) , (i? Q )r+l) > 

and for each index fc, set 

(12.7.3) (5a)* = I(H aA ) a ^ ■ I(H a>2 ) a ^ ■ ■ ■ I(H a:k ) a «- k ■ (B^ k 
as in lTIIIl 

Lemma 12.8. Assume that sequence {12. 7.1}) is such that, for each index < k < r: 
1 ) The functions 

w-ord^, : (F k n (U a ) k =) Sing((B a ) k , d a ) -» Q and a QjJ : Sing(((B a ) fc , d a )) -» Q 
patch to define functions 

w-ord fc : F k -> Q and a; : F fc -> Q. 

£j If (F k , (W k , E k )) <— (^fc+ii (Wfc+i, -Efc+i)) is defined by a monoidal transformation, assume 
that the center Y k is such that: 

Y k C Maxw-ord fc (c W k ). 

Then, under assumptions 1) and 2), the functions defined in terms the expression {12. 7.^ for the 
index r + 1, namely the functions 

w-ord„ r+1 : S'mg((B a ) r+1 ,d a ) -> Q anda a ,i : S'mg(((B a ) r+1 ,d a )) -> Q 

f see MU. 5\) . patch, and define functions 

w-ord r+ i : F r+ \ — > Q and Oj : .F r +i — > Q. 

Proof. A) Assume that (J>, (W r , 22 r )) <— (F r +i, (W r+ \, E r+ i)) is defined by a projection W r <— 
W r +i = W r x yl 1 . Then for each a, the expression 1)12. 7. 3j) for the index r + 1 is the pull-back of 
the expression for index r. In such case the patching of functions with index r + 1 follows from the 
case of index r. 

B) Assume that (F r , (W r , E r )) <— (F r+ i, (W r+ i, E r+ i)) is defined by a center Y r C F r and let 
H r+ \ C Wr+i denote the exceptional locus. Choose a point x G F r+ i(c W r+ \) and assume that 
x G f/a^r+i H J7 a2jr +i. Consider the two expressions: 

(12.8.1) (B aj ) k = I(H aj>1 ) a "^ • I(H aj>2 ) a "i> 2 ■ ■ ■ I(H aj>k ) a -P k ■ (B^) k for j = 1, 2. 

We want to prove that w-ord^ r+1 (x) = w-ord„ 2 r+1 (a;), and that ~d ai ,i(x) = a a2 ^(x) for each 
Hi G E r+ \. If x G -F r +i — H r+ \ then x can be identified with a point in F r , and the equalities follow 
by assumption. So assume that x G -F r +i H H r+ \. Note that 

ord aj (x) = y^Qa 7 -,i(g) + w-ord Qjir+ i(x). 
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Lemma fl2.HI asserts that ord ai (x) = ord a2 (x); and by assumption, we also know that a ai ,i{x) = 
a a2 ,i{x) for each hypersurface Hi with index i < r + 1. So it suffices to prove that 

(12.8.2) a aur+ i(x) =a a2jr+ i(x). 

Note that x G -Hr+i C Wr+i maps to a point x' E Y r C W r . Let y be the generic point of the 
irreducible component of Y r containing x' . To settle ([12.8.2)) . note that 

®Cij ,r+l 

Ht&Er and YrC-flt 

and, by assumption, all terms are independent of j. 

Remark 12.9. Lemma 112.81 was proved under some assumptions on (|12.7.1|) (for each index < 
k <r). Note that such assumptions hold for r = 0. As in 110.71 we see that 

maxw-ordfc+i > maxw-ordfc + i > . . . > maxw-ord^+i 

y y y y v 

since Yi C Max w-ordj C Fj. Set 4 = maxw-ordj, so -f- > 4 > . . . > > -4, and let ko be the 

b' k V k +1 

smallest index such that -4 1 = — ^ — = . . . = 4. 

For each index ko < j < k define a partition on the set of hypersurfaces in Ej, say Ej = Ej US^ 
where Ej = {Hi, ...,H r ,... H r+ko } and F+ = {H r+ko +i, ■ ■ ■ H r+j }. 

For j = ko Ek = Ej Q , and for j > ko, Ej are the strict transforms of hypersurfaces in Ek - Order 
Q x N lexicographically, and set 

tf: F k — > Q x N 

x — > (w-ordf (x), nt(x)) 




#{H£E k \ti£H} if W -ordf(£)<^ 
#{H G F~ | £ G if w -ordf(0 = |. 



One can check, as for the case of basic objects, that this function is upper-semi-continuous. 



We now extend ITU.lOl to the setting of general basic objects. 
Proposition 12.10. Consider a sequence of transformations 

{^0,{Wo,Eq)) < ... < (Tko-l, (Wfco_l,i? fco _i)) < (-^fco; (Wjfco? F fco )) 

(12.10.1) U U U 

Fo -Fco-l Fkoi 

where each transformation is either a projection, or transformation with centers Yi C Max tj ; and 
assume that maxti-i > maxti. Assume, in addition, that max^ Q _ 1 > maxi^, or that ko = 0. 
Then, there is a simple general basic object (Gk 7 (Wk ,E' k j)), such that any resolution 

(12 10 2) (Gko>(Wk ,E' ko )) < — (Gk +iAW ko +i,E' kg+1 )) < — ... {Qk + m ,(W ko+m ,E' kQ+m ))) 

Cfe Cfeo + 1 Cfe + m = 

induces a sequence of transformations 

-\-mi -^feo+ m )) 

(12.10.3) U U U 

Fo F kQ F ko J rm . 
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Furthermore, this sequence has the following two properties: 

PI) maxtj, = . . . = maxt d ko+m _ i; and F ko+m = or max^ f)+m _ 1 > max^ o+m . 

P2) Max^ Q+j = G ko+j forO<j<m-l. 

Proof. Note that the properties in Proposition I1U. lOl assert that (G ko , (Wko->E' k )) is indeed a general 
basic object. 

Proposition 12.11. Assume that M2.1U.l\) is such thatm&xt ko ^i > maxi^o an d that max w-ordfc = 
0. Then, there are upper-semi-continuous functions hi : F k()+ i — > T ; and a resolution 

{Fk > (W ko ,E ko )) <- (^ 0+ i, (Wfco+i^fco+i)) (J" fco+m , (W ko+m ,E ko+m )). 

The resolution defined by blowing up successively on Max hi . 

Proof. This is an extension of 111.51 to the case of general basic object. The fact that hi are well 
defined as functions on F ko+ i follows from Lemma ll2.8l 

Theorem 12.12. (Theorem (d)) Fix a positive integer d. There is a totally ordered set I d , and 
for each d-dimensional general basic object (J-q, (Wo, Eq)), a function fj^ : Fq — > I d . The functions 
defined so that: 

i) fj^ is upper-semi-continuous, and Max fj? C Fq is a smooth permissible center for (To, (Wo, Eq)). 

ii) For each (To, (Wo,Eq)), there is a resolution Rjr ( Def \12.4\ ), say 

(T ,(W ,E )) «—...<— (T r ,(W r ,E T )) <— (T r+l ,(W r+l ,E r+l )) 
(12.12.1) U U U 

Fq F r F r+ i = 0, 

obtained by blowing up successively at Max f-p, ( fjr. : F{ — > I d ). 

Proof. The proof is based on inductive argument, so we first show why Theorem 112.121 holds for 
0— dimensional general basic objects: Note that in such case, each (W a , (B a , d a ),E a ) is zero dimen- 
sional, so we can assume that each W a is a point, and hence, each B a is a non-zero ideal in a field. 
Therefore, Sing(S Q , d a ) = 0, and hence, Fq = 0. Here we can take 1° to be a point; it plays no role 
in any case. 

Set T d = {oo} U(QxZ)UT with F as in 111. HI This disjoint union is totally ordered by setting 
oo as the biggest element, and a < (3 if (3 G (Q x Z) and a € T. We now set I d = T d x l d ~ x ordered 
lexicographically. In our proof, upper-semi-continuous functions ff : Fi — > Id will be defined with 
the property stated in the theorem; namely, that a resolution (|12.12.1|) will be achieved by taking 
successive monoidal transformations with centers Yi = Max ff(C Fi). 

For the index i = we know that the locally defined functions ord^ : Smg(B a ,d a ) — > Q and 
n d a : Sing(B Q!J d a ) —> Z patch so as to define functions 

ordf : F -> Q and n% : F -> Z, 

and also an upper-semi-continuous function 

t = (ord d , n d ) : F -» <Q> x Z 

as in 112.91 (recall that w-ordo = ordo). 
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We attach to the value max t d the simple general basic object (Go, (Wo, E' )) as in ll2.1()l so that 
Go = Max to- We now define a resolution of this simple general basic object: 

Go Gt G m = 

and, in order to define this resolution, we first apply the transformation with center i?(l)(Go), if 
not empty, so as to obtain a d — 1 general basic object (see 112. 3|l . We then proceed to define the 
resolution (J12.12.2J) by induction (i.e. by blowing up successively at Max ff -1 C Gi). This defines 

Q212.3) (F ,(W ,E )) <— (F X ,(W X ,E X )) <— ... (^ m , (W m , E m ))) 

Fo Fi F m 

and functions tf : Fi — ► Q x Z for i = 0, . . . , m. Furthermore, Gj = Max t^ for i = 0, . . . ,m — 1, and 

maxtg = max if = • • • = maxt m _ 1 ; and either F m = or maxt^ l _ 1 > maxij? 



12.13. We now define functions , however, for the time being, only at points of Gj = Max if (C i^): 

i) fifa) = ( m axt rf , oo) £ I d = T d x l d ~ x if x € i2(l)(G ); 

ii) fd( x ) = (maxi d , ff~ l {x)) e I d = T d x I d ~ x if z ^ i2(l)(G ); 

iii) j**( z ) = (maxt d , /o _1 (x)) eI d = T d x I*' 1 for t = 1, . . . , m - 1. 

Note now that sequence (J12.12.3p , induced by (J12.12.2J) , is also defined by blowing up successively 



at Max ff, by the way such functions are defined. 

The condition max^_ 1 > maxtjj, asserts that maxw-ord m _i > maxw-ord m . In fact maxi^ = 
(max w-ordj, ai) where <Zj < dim Wi = dim W. So either maxw-ord m _i > maxw-ord m ; or 
maxw-ord m „i = maxw-ord m and < a m < a m _i < dimW. If F m ^ in (J12.12.3p we define 

(12 13 1) (F m ,{W m ,E m )) < — (J r m+ x,(W m +i,E m+1 )) < — ... (f mi , (W mi , E mi )) 

Fm F m -\-X F mi 

distinguishing two different cases: 

A) If maxw-ord m > 0, argue as above, and define (J12.13.1J) as the resolution of a simple general 
basic object (Q m , (W m , E m )) IJ12.10J) . Finally define functions f m +i on G m +i, as done before, so that 
(J12.13.1J) is obtained by blowing up Max f m+i ■ 

B) If maxw-ord m = set (J12.13.ip as in ll2.11l Hence, a resolution (J-~ m , (W m , E m )), and thus of 
(^o, (Wo, Eq))), is obtained by blowing up at Max h m +j C F m+ i. Finally set: 

f m+i : F m+t -> I d , f m+i (x) = (h m+i , oo) G I d = T d x I^ 1 ; 

and note that IJ12.13.1J) is defined by blowing up at Max f m+i C F m+ i . 

Finally note that case A) will occur only finitely many time, and either a resolution is achieved 
or case B) occurs, and thus we always achieve a resolution. In fact, maxw-ord can take only finitely 
many values, and the second coordinate of maxt d is a positive integer < dim W . This finiteness was 
discussed in 111.11 for the case of one basic object. Note that a general basic object can be covered 
finitely many affine sets. 

In this way we have defined functions ff, and a resolution (J12.12.1J) . obtained by blowing up at 
Max ff. However our functions ff are only defined in Gj(c Fi) (set formally Gj = F$ in Case A)). 
So we now extend the definition of the functions to all Fi, and we must do so in a way that does 
not modify the sets Max ff already considered. 
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Since Max ff C 67 j C F{, a point x G F{ — Gi can be identified with a point, say x G i^+i- 
Furthermore, since (jl2.12.lj ) is a resolution, there is smallest index i$ > i such that x can be 
identified with a point, say again x G Gj (c i^ ). Define 

= /ioO)- 

Note that tf(x) = tf (x) (if w-ordj(x) > 0), that /ij(x) = h io (x) (if w-ordj(rr) = 0); and that an 
open neighborhood of x in F{ can be identified with a neighborhood of x in Gj . Finally argue 
coordinate-wise (as in 110.7)1 to show that the extended functions ff : Fi —>■ I d = T d x J d_1 are in 
fact upper-semi-continuous. 

The compatibility with open restrictions of the functions tf and hi, and also that of f, ~ (by 
induction), insure that the same property holds for the functions ff (see 112.5)) . 

12.14. On Resolution functions and Proof of \4-T\ Recall that basic objects are, in particular, 
general basic objects 1)12.2)1 . so Theorem 112.121 provides . for each dimension d, resolution functions 
as in 14.71 Here 

jd = T d x jd-i = T d x T d-i x . . . x T o 

and ff(x) can be expressed with d+1 coordinates. For instance case i) in 112. 1MI is: 
i) fd( x ) = (maxi d , oo, oo, . . . , oo) G I d if x G R(1)(G ). 

If W is smooth of dimension d, and X C W is a smooth hypersurface, then the basic object 
(W,(J,l),E = 0) defines a (i-dimensional general basic object. In this case t d (x) = (1,0), and 
/o (x) = ((1, 0), oo, oo, . . . , oo) for any x G Sing( J, 1). 

If X C W is smooth of codimension two, then f$(x) = ((1, 0), (1, 0), oo, . . . , oo) for any x G 
Sing(J,l). 

If X C W is smooth of codimension r, then f$(x) = R = ((1, 0), (1, 0), . . . , (1, 0), oo, . . . , oo) 
(r copies of (1,0)) for any x G Sing(J, 1); and if X C W is reduced, pure dimensional and of 
codimension r, then ((1, 0), (1, 0), . . . , (1, 0), oo, . . . , oo) (r copies of (1, 0)) is the value R in property 
P4) of 14^7) 

13. On Hironaka's trick and proof of Lemma fT2. 61 

The purpose of this Section is to prove Lemma fl 2 . 61 which states that the function ord, introduced 
in 110.51 for basic objects, can be naturally defined in the setting of general basic objects. 

Let (F, (W,E)) be an (i-dimensional general basic object, and set an open covering {Ua}a&A of 
W as in Definition 112. II 

Recall that (F, (W,E)) defines a closed set F(c W), and that for each index a there is a closed 
smooth d-dimensional subscheme W a C U a , and a basic object (W a , (B a , d a ), E a ) such that 

F n U a = Smg(B a ,d a ). 

Assume that a point x G F appears in two such charts, namely x G F fl U a fl Ua. In order to 
simplify notation set 

(Wa, (B a ,d a ),E a ) = (W',(B',d'),E') 

and 



{Wp,{Bp,dp),E p ) = (W",(B",d"),E"). 
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So x E Sing(S', d!) = Smg(B", d") and the claim in Lemma [12. 61 is that: 

vb'{x) _ vb"{x) 
d' ~ d" ' 

(notation as is ll(J.5j) . 

Proof. Set lo' = ub'(x) and lo" = vb"(x). We shall prove the Lemma by constructing infinitely 
many sequences of transformations of general basic objects. A sequence 

(13.0.1) (T, (W, E)) ^ (To, (Wo, E )) ^ (ft, (W l ,E 1 )) ■ ■ ■ ^- (ft, (W k ,E k )) 

of transformations of general basic objects defines sequences of transformations of basic objects, say: 



^ (W' k ,(B' k ,d'),E' k ), 



(13.0.2) (W',(B>,d!),E') ^- (W^(B ,d'),E'o) 2- (W[,(B[,d'),E[) ¥ 



and 

(13.0.3) (W",(B",d"),E") (<,(£», (W", (B'{, d"), E") 5- ••• 

...^(Wl(Bld'%E'l). 

We take the first transformation Ho of 1)13.0. If) to be a projection (as in 112.11 iv)), so the first 
transformations of (|13.0,2|) and (|13,0.3|) are projections too. All the other transformation will be 
permissible transformations (as in (as in 112.11 iii^l ) ^) . For each index k > 0, sequence ()13, 0.1(1 will be 
defined as follows: 

(1) Identify Lo = I1q 1 (x) with A k and set xo = £ Lo- Note that Lo C Fo, the singular locus 
of (F , (Wo, E )). 

(2) Given an index s > 0, a line L s C F s and a point x s G L s , define the transformation n s+ i 
with center x s . Now set: 

i: L s+ \ C F s+ \ as the strict transform of L s ; 

ii: iT s+ i(e E s+ i) as the exceptional locus of n s+ i; 

iii: x s+ i = H s+1 n L s+1 . 

In this way (1) together with (2) provide a rule to construct a sequence (|13.0.1j) of length s, for any 
s > 1. In this sequence L s C F s for any s, so in particular x s € F s , and by assumption: 

x s e Sing(B' s ,d') = Swg(B'j, d") Vs > 0. 

Locally at x s there are expressions, as in (|10.5.3|) . say: 

(13.0.4) (B' S ) XB = l(H' s )<(W s ) Xs (B':) Xs = l(H'J)<(W s ) Xs . 

Note that here H' s = H s n W' s and H" = H s n W". On may check, by induction on s, that 

/ i i ji\ n i a jii\ 
a s = s{lo — d ) a s = s{lo — d ). 

Since only the first term of this sequence is a projection, for s > 1, dim(W^) = dim(W") = d + 1. 
It follows that 

dim(F s nH a ) =do a' s = s(lo' - d!) > d! 

O a" s = s(u" - d") > d". 



AN INTRODUCTION TO CONSTRUCTIVE DESINGULARIZATION. 



49 



Note that dimH' s = dim If" = d, so if dim(F s n H s ) = d then F s n H s = H' s = H". 

Furthermore if dim(F s PiH s ) = d, then F S DH S is a permissible center for the general basic object. 
In such case, set F s n H s as a center of a transformation n s+ i. It turns out that in 1)13. 0.4J) . 

a' s = s{J - d') - d', a" s = s(u" - d") - d". 

Fix the index s and set, if possible, the center of transformations n s+ j to be F s+ j n H s+ j, for j > 0. 
Note that 

dim(F s+j n H s+j ) = d a' s+j = s(u' - d!) - jd' > d' 



a 



V -d")-jd">d". 



And we conclude that 

dim(F s+J - n H s+j ) 



d (in which case is a permissible center) j < £ s 



where 



s{u' - d 1 ) 


I" = 


s{w" - d") 


d' 




d" 



and [-J denotes the integer part. 
Finally note that 



d' 

vb"{x) 
d" 



w 
~d> 
vf 
d" 



lim -£' s + 1, 

s^oo s 

-- lim -£" + 1. 

s^oo s 



This expresses the rational numbers B - - and — — - in terms of permissible sequences of the 



general basic object (J 7 , (W,E)). Hence 



d! d" 
vb'{x) _ vb"{x) 

d! ~ d" 
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